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1. Introduction 
^^ The Einstein vacuum equations determine a manifold Af ^+" with a Lorentzian metric with van- 



o 



■3 



ishing Ricci curvature: 



<N (1.1) R^, = 

The set (Rl^"',m): standard Minkowski m = 



p The set (Mt+":"^): standard Minkowski m = -tPt + X^^^i d"^^' on Mf+" describes the Minkowski 



space-time solution of the system (1.1). The problem of stability of Minkowski space appears in 
Cauchy formulation of the Einstein Vacuum equations: for a given n dimensional manifold E" 
with a Riemannian metric go and a symmetric two tensor feg, such that (S";(7oj^o) is close to 
(IR";TOe,0) where me the Euclidean metric, we want to find a n -I- 1 dimensional manifold il/^^'^ 



P^ with a Lorentzian metric g of signature {n,l) satisfying the Einstein vacuum equations (1.1 1, and 

•^ an embedding S" C Af ^+" such that go is the restriction of g to S and fep is the second fundamental 

form of (E",go) in {M^~^"',g). The Cauchy problem is overdetermined which imposes compatibility 

condition on the Cauchy data: the constraint equations 

g (1.2) Ro~[ko]][ko]i + [ko]l[koY^^O, V^[fco]^,-V.[fco]j-0,Vz = l,...,n. 

1—^ Here Rq is the scalar curvature of go and V is covariant differentiation w.r.t. go- 

The seminal result of Choquet-Bruhat |CB1| followed by the work |CBG| showed existence and 

►^ uniqueness up to diffeomorphism of a maximal globally hyperbolic smooth space-time arising from 

f-~^ any set of smooth initial data. The global stability of Minkowski space for the Einstein vacuum 

f^ equations was shown in a remarkable work of Christodoulou-Klainerman for strongly asymptotic 

^T flat initial data |CK) . The approach taken in that work viewed the Einstein vacuum equations as a 

^— ^ system of equations 

^ D'^Wa^p^S =0, i?" * Wa^p^S = 

~^ for the Weyl tensor Waj3^s of the metric gap and used generalized energy inequalities associated 

I with the Bel-Robinson energy-momentum tensor, constructed from components of W, and special 

• • geometrically constructed vector fields, designed to mimic the rotation and the conformal Morawetz 

.5_j vector fields of the Minkowski space-time, i.e. "almost conformal Killing" vector fields of the un- 

Si^ known metric g. The proof was manifestly invariant. 

1-H The Einstein vacuum equations are invariant under diffeomorphism. In the work of Choquet- 

Bruhat, this allows her to choose a special harmonic gauge, also referred as wave coordinates, in which 
the Einstein vacuum equations become a system of quasilinear wave equations on the components 
of the unknown metric g^j/ = m^^ + /i^^ : 

(1.3) agh^,,^F^,{h){dh,dh), 

where the reduced wave operator is defined by Dg = g^^dadp and F{u){v,v) depends quadratically 
on V and analytically on u for u small. Wave coordinates {x'^} are required to be solutions of the 
wave equations 

DgX^ = 0, for fi^O,l,...,n, 
where the geometric wave operator is defined by Dg = D^D'^ = g^^dadp — g°'^T'^pd^. The metric 
g^i, relative to wave coordinates {x^^} satisfies the harmonic gauge condition: 

(1.4) r^ = 0, for fi = 0,l,...,n, 
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where F^ — gp.yV — gf^ug^^^ap — 5"'^^/3ffa/i — \g°'^d^gaii- Under this condition the geometric 
wave operator Dg is equal to the reduced wave operator Dg and the stabiUty of Minkowski space 
can reformulate as follows: given a pair of small symmetric two tensors (/i", h^) on {i = 0} C Kj^" 
which satisfies the harmonic gauge conditions: 

(1-5) r^|t=o = 0, a.r^it^o = o, 

we want to find a Lorentian metric g ^ m + h oi signature in, 1) satisfying the reduced Einstein 



equations (1.3) such that (/i|t=Oi 9f/i|f=o) — {hP,h^)- 



Theorem 1 (H. Lindblad, I. Rodnianski). Given Cauchy data {hP,h^) in coordinates {t,x) satis- 
fying the harmonic gauge conditions {1-^, then the solution to the reduced Einstein equations (1.3) 



provides a solution to the Einstein vacuum equations (1.1) 



The use of harmonic gauge goes back to the work of Einstein on post-Newtonian and post- 
Minkowski expansions. In the PDE terminology the result of Choquet-Bruhat corresponds to the 
local well-posedness of the Cauchy problem for the Einstein vacuum equations with smooth initial 
data. The reduced Einstein vacuum equations satisfies the null condition for spacial dimension 
n > 4, which ensures the global existence theorem for small Cauchy data. The concept of null 
condition was designed to detect systems for which solutions are asymptotically free and decay like 
solutions of a linear equation. See |Chl] . |K1] and [Holj . For n = 3, it can be shown that the 
Einstein vacuum equations in harmonic gauge do not satisfy the null condition. Moreover, Choquet- 
Bruhat jCB2| showed that even without imposing a specific gauge the Einstein equations violate 
the null condition. However, the Einstein vacuum equations in harmonic gauge satisfy the weak 
null condition and recently Lindblad-Rodnianski reproved the global existence for Einstein vacuum 
equations in harmonic gauge for general asymptotic flat initial data in harmonic gauge by combining 
it with the vector field method [LRT] [LR2] . 

In this paper, we apply the radiation field theory due to Friedlander to study the asymptotic 
behavior of solutions to Einstein vacuum equations in harmonic gauge. Friedlander's radiation field 
was used by Hormander to study the asymptotic behavior of solutions to linear hyperbolic equation 
in the following coordinates: 

p= —r, T ^t-r, = -, 
\x\ r 

for \x\ large. For instance, consider the Cauchy problem in Minkowski space-time as follows: 

\3mu(t,x) = 0, u{0,x) = uo{x), dtu{0,x) = ui{x), 
where uo,ui £ C^(M"). Near p = 0, by writing u = p^^U and studying the equivalent equation 

with rh = p^ra, Friedlander showed that u is smooth up to p = 0. Then the radiation field is the 
image of the map 

TZcv ■■ H\m:") X L^{R") 3 {uo,ui) — ^ dru\p=o e L^{Rr x S^-^), 

which is an isometric isomorphism. Here TZcv is essentially the M0ller wave operator and also the 
free space translation representation of Lax and Philips. 

I generalize this idea by considering the conformal transformation of the reduced Einstein vacuum 
equations on a suitable compactification of Mj^J" as follows. Here S^ is the compactification of null 
infinity and Tiq = {t = 0} is Cauchy surface. Let p be the total boundary defining function and 
Po,Pi:P2 be the defining functions for corresponding boundary hypersurf aces 5*0 , Sf , Sf . With a 



conformal change g = p g and h ^ p 2 h, the reduced Einstein equations (1.3) are equivalent to 



-1 - 



(1-6) (ng+7(/i))V=Pi' {poP2)^F^^ih,h), 

where ^(h) = —p^Dgp^ and F^i,{h,h) = pl~"'{pop2)~^~^^F^^{p^^h,p'^h). See Section 5 for 
more details. Denote by V^'"^ the space of elements in the weighted b-Sobolev space 

Po ^b i^oj X Pa Hb l^oj 
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Figure 1. the blown-up space X = [M^^t" : (1*1 = Nl} ^ SM^.t"] 



with norm less then e and satisfying the harmonic gauge conditions (1.5), for some N > n + 6, 
^ > (5 > and e > small. Then by energy estimate method I show that for n > 4, if (/i°, /i^) e V^'^ 

then h — {poPiP2)^^h is C^'^ up to Si and hence the radiation field for h is well defined which 
satisfies the corresponding harmonic gauge conditions: 

(1.7) f^l5±=0, for ^ = 0,1,. ..,71, 

~ 1 —r, 

where F,, = 



5 2 r^. Combining this with the linear radiation field theory and the implicit function 
theorem, wc further show that h\g± also lies in some weighted b-Sobolev space on Si . More 



explicitly, denote by W^, ' the elements in 



'N,S 



\s- 



>(§"-!)) nL2(§"-l;HW + l(]g))J 



[^ X §g^^, with norm less than e' and satisfying (|l.7|). Then 

for 



{P0P2)'[H,^ "(I 

where we take the equivalence Si 

h\g± & VVj/ ' for some e' > 0. Here both V^^''^ and W^, ' are Banach manifolds. See Section 

the definition of weighted b-Sobolev spaces and Section k51 M for more details about V^^'' and W^, ' . 
The main theorem of this paper is the following: 

Theorem 2. For 7i > 4, iV > n + 6, ^ > (5 > and e > small, if ih",h^) G Vf'*', then the 
Einstein equation (1.1) has a global solution h such that h is C^- up to Si . Hence the Radiation 



field is well defined and the nonlinear M0ller wave operator defines a continuous and open map 



V^''3ih^,h') 



Mst G ^cf 



for some constant C > 0. 



The open property guarantees the solution for characteristic initial value problem for Einstein 
Vacuum equations. 

Corollary 1. Given characteristic data h^^ e W^'^ for some N > n + 6, 5 £ {0, ^) and e > 
small enough, there exists an asymptotically flat solution g to the Einstein vacuum equation (1.1) 
such that p^^ [g — "^)|5+ — h^^ ■ Moreover, {t,x) are wave coordinates w.r.t. g globally. 

For n = 3, the Cauchy data of interest for reduced Einstein vacuum equations has an asymptotic 
leading term —M\x\~^Sij for some constant M > small, which has along range effect at null 



infinity. Since — M|a:| ^Sij provides a solution to the linearization of (1.3) in a neighborhood of 



null infinity in X, we may expect that the essential change of the geometry of perturbed solution 
g = m + h only comes from the asymptotic leading term, i.e. the constant AI. By a different change 
of coordinates to r = i — |a;| — Mlog|x|, which was suggested by Friedlander to study the linear 
equation DgU = with such background metric, I find a corresponding compactification of Kt"i5" 
such that the radiation filed is well defined in a similar way. This will be discussed in details in a 
separate paper. 
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The outline the the paper is as follows: in Section 2 we choose a compactification of Mj Ij" and 
give basic definitions used through out the paper; in Section 3 and Section 4, we study the solution 



space of constraint equations (1.2 1 and of harmonic gauge conditions (1.51 separately; in Section 5 



we make a conformal transformation of the reduced Einstein equations and study the metric and 



wave operator in the conformal setting; in Section 6, we do energy estimates for the equations (1.6) 
and show the existence of radiation field; in Section 7, we modify the result obtained in Section 6 
by applying the linear theory and implicit function theorem and obtain the isomorphism property 
for the nonlinear M0ller wave operator. 

Acknowledgment: I want to thank to my adviser Richard Melrose for inspirations and valuable 
discussion on this topic. Without his help, this paper would not exist. I also would like apologize to 
all who expressed interest in this work for the long delay between the first announcement of these 
results and the appearance of this monograph. 



2. Geometric Setting 

This section is a preparation for describing the problem and dealing with it in a manifold with 
corners arising from a suitable compactification of R^"^". To simplify the notation, we take t — 
a;", a; = (x^, ..., a;") and use the lower case English alphabet i,j,k,l,... as indices taking value in 
{1, 2, ..., n} and the Greek alphabet a, /?, /i, v, ... as indices taking value in {0, 1, 2, ..., n}. Moreover, 
we use the capital English alphabet /, J,K,L,... as multi indices. The change between superscript 
and subscript is taken over Minkowski metric m — —dPt + 'Yl!i=i d^^''- For example, xq — — x*', Xi — 
x\ 

2.1. Compactification of the Space-time. The usual radial compactification of ffij^", denoted 
by Xqj can be realized by embedding 

$ : Mt^t" 3 {i,x) "^ ( , -^ * , "^ ) e M2+« 



and taking Xq ~ $(Ilif ^"), which is a closed half sphere of dimension n+ 1. Then all null rays w.r.t. 
Minkowski metric converge to an embedded submanifold of Xq on the bounday: 



L = m\t\ = \x\})ndXQ = {(0,±^,±^) : X e M", \x\ = 1}. 

The compactification space X, which we use in this paper to study the asymptotic behavior of 
Einstein vacuum solutions that are close to Minkowski metric, is Xq blown up L. Hence X is a 
manifold with corners up to codimension 2. See Figure fl] More explicitly, let d{p, q) be the distance 
function on Xq w.r.t. standard spherical metric and U^ — {p ^ Xq : d{p,L) < e}; let 

* : Xo\L — > Xo\C/i 

defined as follows: if d{p, L) > ^ then ^(p) = p; if d{p, L) < ^ then 

d{^{p),L)^d{^ip),p) + d{p,L), d{^{p),L)^ij{d{p,L)) 

where ^ € C°°([0, i]) satisfying V(0) = l,^j{^) = 5,V^' > and V'(rf) = 1 for d e [|, i]. Then the 
blowup can be realized by taking 

(2.1) X = ¥(Xo\i) ^ Xq\Ui C M2+". 



Obviously, ^$ embeds M^^" into M^"'"" with image X, the interior of X. This is closely related to 
Penrose's diagram. The three essentially different boundary hypersurfaces can be represented with 
the three regions at infinity: spatial infinity Sq, null infinity Si and temporal infinity S2 where the 
latter have forward and backward components. In particular, we can identify Sq, S^ with M x S" 
where M is the radial compactification of R, and 6*2 with closed ball of dimension n. Denote 

Mi(X) = {5o,5±,52±}. 



Sn-l 
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Definition 1. For S C Mi{X), we say ps a defining function for S iff 

< PS e C°^{X), S = {ps = 0}, dps ^ 0. 
Two boundary defining functions ps, p'g are equivalent on a domain fl C X iff 

PS = e'f'p's for some V' G C^iTi). 
We say p a total boundary defining function for X iff 

p= n p'^- 

seMi{x) 

Throughout this paper, we use po,pi,p2 to denote the defining functions for So, Si ,5*2 and 
p — P0P1P2 the total boundary defining function for dX. We make a special choice of them in local 
coordinates in the following. 




^^4 Q^ i^4 



Figure 2. the local coordinate charts on X 



Choose a covering {^i : < z < 5} for X such that f^o is a bounded domain in the interior X and 
uf=i^i covers dX . The corresponding local coordinates can be chosen from the following functions: 



"~ N' l-l-ir"" |t|''"|t|-N'' -|:.| 



1. 



More explicitly, 

• In the domain f^o == {{t, x) : |ip + |a;p < 1000}, choose 

P = Po = Pi = P2 = 1- 

• In the domain ^i = {{s,p,9) :-|<s<|,O<p<l,0e §"^^}, choose 

P = Po = P, P2 = Pi = 1- 

• In the domain ^2 = {(a, b,e) : < a < l,Q < b < 1,0 e §""i}, choose 

p = ab, po = 6, pi = a, p2 = 1. 

• In the domain i}^ — {(t, p, 6*) : — tq < t < tq, < p < 1, ^ G S"^^} for some tq > 8, choose 

P = Pi = P, Po = P2 = 1- 
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• In the domain ^4, = {(a, 5, 6*) :0<a<g,0<5<l,6'e §""!}, choose 

p = ah, pi = a, p2 = ^ Po = 1- 

• In the domain J^s = {(0, y) : < (p < l,\y\ < |}, choose 

p = P2 = 4>, pi = po = l. 

Notice that, in the intersection of any two domains, the different choices for defining functions are 
equivalent. In many cases, for example when doing energy estimates, equivalent defining functions 
give equivalent statements. So we change the choice of pi freely from one set of coordiantes to the 
other in the rest of this paper if they give equivalent results. However, when performing energy 
estimates, we may not been able to restrict the discussion in a single coordinate chart and hence 
have to consider some of them together. See Section 6 for more details. 

We also denote by [X]'^ a double space of X across the null infinity S^ U 5*^ such that [X]"^ is a 
manifold with boundary and the smooth structure on X extends to [X]'^, i.e. C°°{X) = C°°{[X]'^)\x- 
Here [X]'^ is not uniquely determined. Refer to |Me| for more details. The boundary of [X]^ consists 
of three components, [Sq]'^, [S'^]^ and [S'2"]^, which are also double spaces of Sq, 5'^ and S"^ across 
their boundaries and hence are close manifolds. Moreover, [Sq]'^ can be identified with S^ x §"~^ 
and [S'2 ] can be identified with S". We introduce [X]'^ for the reason that the conformal Minkowski 
metric, or with small perturbation, extends to a b-type Lorentz metric on [X]'^. See Section H for 
more details. 

2.2. Vector Fields. Let %{X) (resp. 1^([X]^)) be the space of smooth vector fields on X which 
are tangent to dX (resp. dlX]"^). The relation between yb{[X]'^)\x and %{X) is 

%{[X]^)\x ^ %{X) + C°^{X)Vi. 

where Vi G l^([X]^)|x transverse to Si , i.e. for any p e Sf, Vi{p) ^ TpS^ . In particular, in 
domain ^2,^13,^14, we can choose Vi — dp^. Set 

Zoo = rdr+tdt, Zoi =tdi +x,dt, Zi^ ^ x,d-j - x-jdi. 

Here <J)i are the projection of di on TS"^^ c TW^ satisfying 6'^(j)i — 0. We denote by Z any vector 
field in {9^, Z^i^ : /i, j/ = 0, ..., n] and d^ any element in '^''(X) for fc > 1. 

Lemma 2.1. The vector fields defined above satisfy the following properties: 
(i) r(§"-i) = Spanco.(s.-i){Z,, -.1,3 = l,...,n}; 
(ii) %{X) = Spanpoo(x){9^, Z^_,y : p.iy = 0,1, ...,n}; 
(iii) d^ e PoP2%{X), /i = 0, ...,71. 

Proof. The first property follows directly by Zij = Oi(j)j — 9j^i G TS"^~^ and ^j = Zij6^. To prove 
(ii) and (iii), we only need to check them in local coordinates near dX: 

• In ill with coordinates {s,p,0), 'fh{fli) = Spanc'=°ijij^){ds, pdp,^i ■ I < i < n}. Hence (ii) 
and (iii) follow by 

dt = pds, di = p{-6^{pdp + sds) + ^i), 

Zoo = -pdp, Zot = Oiil - s'^)ds -~ Oispdp + s^i, 

=^ d, = (1 - s^)-'{Zo^0' - sZoo), pdp = -Zoo. 

• In ^2 with coordinates {a,b,0), %{fl2) = Span(j<x,(^^-^{ada,bdb,<l>i : 1 < « < ri}. Hence (ii) 
and (iii) follow by 

dt = b{bdb - ado), 9* = -b9^(bdb - ada) + ab{~0iada +^z), 

Zoo = -bdb, Zo, - -e,{{2 - a)ada ~ bdb) + (1 - a)^„ 

=^ bdb = -Zoo, ada = -(2 - a)-\Zoo + Zo^O'). 
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• In fl^ with coordinates {r^p^O), ^^(rJa) = Spanfj,x(^Q^-f{dr, pdp,(^i : 1 < « < n}. Hence (ii) 
and (iii)follow by 

dt = dr, di = -9idr + p{-9ipdp + ^i), 

Zoo = Tdr - pdp, Zoi = -Oi{Tdr + (1 + pT)pdp) + (1 + pT)^i, 

=^ dr^ dt, pdp = -(2 + pt)-\Zoo + ^0.^0- 

• In il4 with coordinates {a,b,0), '%i^4) — Spanc-^(i:i^){ada,bdi,^i : 1 < i < n}. Hence (ii) 
and (iii) follow by 

dt — —hihdi — ado) — ab{ada), di — b0i(bd^ — adg) + ab{l ~ a)~^^i, 

Zoo = -bd-„ Zo^ = -e,[[2 - a)ad-a ~ hdi) + (1 ~ a)"^^,, 

=^ bdi = -Zoo, ad-a = -(2 - d)-\Zoo + Zo,e'). 

• In rt^ with coordinates {4>,y), 'fbi^b) — Span(joa^Q^-f{(j)dcj,,dyi '■ I < i < n}. Hence (ii) and 
(iii) follow by 

dt = -0(090 + y'dy.), di = (jydyt, 

Zoo = -0c*0, Zoi = dy. ~ yi[cj)d^ + y^dyj), 

=^ (j)d^ = -Zoo, dy, = Zoi - (1 - \y\'^y^yi{Zoo - Zojy^). 

O 

2.3. Sobolev Spaces and Symbol Spaces. We define the b-type Sobolev space and conormal 
symbol space on X in the following. These spaces are used to characterize the regularity and as- 
ymptotic properties near boundary for Einstein vacuum solutions. Let mp be the Riemannian metric 
on X induced from Euclidean metric on IR^+" via (2.1) and denote by dvolmo the corresponding 
volume form. 

Definition 2. Define the b-Sobolev space H^{X) for any N E No the completion ofC^{X) w.r.t. 
the norm: 






. , X ,.. ,2d'V0lr,ia 

\nH^{x) - 



\I\<N 

Define the conormal symbol space by 

£/"{x) = {ve C-°°{X) : %{xyv e L°°{X), V I e No}. 

The relationship between the b-Sobolev spaces and the conormal symbol spaces are stated in the 
following lemma. 

Lemma 2.2. If co,ci,C2 > , then 

CX) 

N=0 

There exists a constant Cn for any N > idim(X) such that 

|kl|L~(X) < Cn\\v\\h«(X), 

which implies that 

oo 

niff(^)c^°(x). 

N=0 

Definition [2] and Lemma |2.2| can be generalize to any closed p-submanifolds of X with induced 
Riemannian metric and boundary defining functions. See |Me) for definition of p submainifold. In 
this paper, we mainly consider the Cauchy surface 'So = {t = 0} = M" and null infinity Si , which 
are both p-submanifolds of X. We study the map from Cauchy data to Characteristic data for 
Einstein vacuum equations, which lie in some weighted b-Sobolev spaces or cornormal symbol space 
on Eq and S^ correspondingly. 
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3. Initial Data 

In this section, we study the spaces of small asymptotically flat initial data for Einstein vacuum 
equations which satisfy either the constraint equations (1.2) or the harmonic gauge conditions (1.5 1, 
and the relation between them. 

Denote hy g = rn + h a. small perturbation of Minkowski metric: g = gf^^dx^dx'^, h = hf^^dx^dx'^. 
We c an v iew g, h as functions of {t, x) valued in (n + 1) x (n + 1) symmetric matrices. Then ( 1.2 ) 
and (1.5) can be written in terms of the components of {hP,h^) — (/i|t=Oj<9^|t=o)j which turn out to 
be undetermined elliptic systems after suitable decomposition. 

3.1. Initi al D ata Subject to the Constraint Equations. Let us first derive the constraint 
equations (1.2) in terms of components of (ft,'^, h^). Denote by 

Then the components of Ricci curvature of g can be expressed as 



R,, 



^A' Xv 












= - \g^^dxdsh^, + \d^T, + ia.r,, 



2"M^ i^ ^ 2'-'^'^ 11 






2"- A" 



where 



Denote by 



2E„ 



D„ 



D„ 



Ef,i, - r^^r;^^ - ^^x^„s + \{dx9 )^ti.u,s - \{d^g )Vxu,5, 
D^,. - - {d^g^^){dxKs - \d,hx5). 



Then D' ,E' ,F' are quadratic forms of {dih^ , h^) with coefficients analytically depending on /i". 



The Einstein vacuum equations (1.1 ) imply that 

g'^R,j = 0, 5°"i?ofc + g'^'Rkj 



g Rq 



0, for k — 1, ..., n, 



which cancel the 5q/i terms and impose {n + 1) constraint equations on (/i°, h^) at i = 0: 

r gP'f^d.id.hl^ - dph%) + g^'g'^\d.hli - d^h^ - d.dXi + dA^l) + 3°°i?oo " 9^'Ki = «' 

(3.1) I g'^g'^d^hl^ - d,hl^ - d,dA + d,d,h°oj) + 9°'9"'(dkhh - d^h^ + dAK, - d^dihl) 

[ + g"'g''hd,d,hl, + dAh% + dAh% - d^dihl) + 2{g''E',, + g^'E',i) = 0. 

for fc = 1, ...,n. Here (3.1) is the system of constraint equations ( |1.2[ ) in fixed coordinates. We are 
interested in small solutions to (3.1) in the following space: 



(3.2) 



P'.H-^\1 



-)xp'o^'H-i 



(.i + l)(n + 2) 



Denote by U^''^ the set of solutions to (3.1) in above space with norm less than e for some e > 0. 
Proposition 3.1. For n > 3, A G (0, n — 2) and e > small enough, U^'^ is a Frechet manifolds. 



Proof. We prove the statement by studying the linearization of (3.1) at (0,0): 



(3.3) 



Ah'',,-dkY.d,hi,+dkj2'^l 



E 



dihl^ — 0, for fc = 1, ... 



where A = — J2'i=i ^1^ ^^'^ applying implicit function theorem. Notice that by |Me2) . for n > 3 and 
Ae (0,n-2), 

A : p^H^+\W) — ^ p^+^H^-\W) 
is an isomorphism and hence 



A+l ttN 



A5 : p^Hl;+'{W') -^ p^+'Hi^R^') and A^ : p^+^i/^^+^(M") -^ p^+'iJ^^M") 



\+1ttN+1, 



X+2ttN, 
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are both isomorphism. See Proposition 8.1 in Appendix. Assume {h^,h^) is in space (3.2) and take 
a Hnear transformation of as follows: ior 1 < k < n, 2 < I < n, 1 < i ^ j < n, 



Ai 



^H^ 



A, 



"li ";/' ^^J 



Cl - ^ z2 ^ii' ^' ^ n zJ ^^i ~ ^U^ ^^^ ~ ^iJ 



Then the first equation in (3.3) becomes 

n n 

(3.4) A A, = -dl E ^. + E ^1^^ - E ^^^^-4^^ ■ 

Denote hy B — h^^.dx'^ and D = A~^{dk X^i ^^u ~ X)i 9ihl-)dx'' 1-forms on the Euchdean space, i.e. 

B,De p^H^+\W : Ai(M")). 



Then the second equation in (3.3) can be expressed as 

(3.5) - AB + dSB + AD^O, 

Since A has trivial kernel on Po-^6 ^^(H^" '■ A'°(IR")) for all < p < n, the Hodge decomposition 
theorem implies 

p^i/f +i(M^ : Ai(M")) = £f +1^^ © £^^+'-^ 

with £^+^''^ and S^^^'''^ the subspace of closed and coclosed forms respectively. More explicitly, let 
* : p^+^H^{W) 9 / — ^ A-^df e p^H^+\W : A^R")), 
$ : p^H^+\W : Ai(M")) 3 u ^ 6u e p^+^H^{W). 

Then $* = Id and 

*$ : p^i/f +\M^ : Ai(M")) ^ £f +i'^ 
is a projection. Writing B = B' + B" and L» = D' + D" with B', D' closed and B", L»" coclosed, i.e. 

B' = *$(B), B" = (/d-*$)(B), £>' = *$(!)), D" = {Id-^^){D), 
then ( |3.5| split into 

(3.6) AD' = 0, -AS" + AD" = 0. 



For the first equation in (3.6), notice that wc have the following commutative diagram: 



p^+^H^(R" : A(M")) 



^A+2^iv-i(jj„ : A(M")) 



A"2 



A"2 



pA^w+i^]g„ : A(M")) *-p^+iiJb^(M" : A(M")) 



d,(5 



where A(M") = Ep=o^^(I^")- Since /i^ e p^+^i/f (M« : Ai(M")), 

Ai?' = A*<&(i?) = rf<5A-i ((9fc E '^'^ - E ^^'^L)rfa;'=) 

i i 

= dA-h{{dkJ2A-'^hl,-J2d.A-'^hl)dx'') 

i i 

= dA-5(AEA-^/ii^ + Eafca.A-Uij 



Hence AI?' = is equivalent to 



AEA-5/ii, + E5fc9»A-^/,i, = 0. 



ik 
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Substitute hj, by C, (3.3) is equivalent to the elliptic system: 



(3.7) 



AAi = -di E ^^ + E 9'^^ - E ^'^^^'. 



J=2 



i=2 



i^J 



A^Ci = -9?^A-^C,+^a|A-^C,-^a,9,A-^Q„ 



J=2 



i=2 



J#J 



AS" = ai(Ci - ^ Ci)dx' + J2 9k{Ci + Ci)dx'' + Y, d^Ck^dx'' 



1=2 



k=2 



i^k 



In (|3. 3|, t he components {/iqo, /iqo' ^ofc : 1 < fc < "^} are free. To solve {/igj., h^phlj : 1 < «,i, A; < n} 
from p.3L it is equivalent to solve {Bk, A^, Aij, Ci, Cij '■ 1 < k,i y^ j < n} from (3.7). Given arbitray 
h°oo,Ak,Aj e p^H^+\W) andh^, Cfc, dj G p^+^i?f (1^) iov < ^ < n,2 < k < n,l < i ^ j < n 



and B' e £ 



JV+1,A 



, we can solve (|3.7) uniquely and have 



Ai G p^iJf +i(K»), Ci G p^+ii/fc^(M"), B" G £^,+^^^ 
And hence the solution space of (3.3), denoted by U^'^, is isomorphism to 



(.^ + l)(n + 2) 



p^Tjf +\M" : M^'^V^) X ff +^'^ X p^+^i/^^(M" : R '""2'''" -') 



Due to the ellipticity of (3.7), when e > is small enough, U^' is a submanifold of space (3.2), 
isomorphic to a small neighborhood oiU^'^ around (0, 0) and with tangent space U^'^ at (0, 0). D 

3.2. Initial Data Subject to Harmonic Gauge Conditions. We first deriving the equations 
(1.5) in terms of components of (/i", h^). First T ^\t=Q = is equivalent to 



(3.8) 



- AiU=o 

25 "00 2^ ''■ij ^ 9 OtriQp — (J, 
ff "fcfl + 9 Oinf.0 — 25 Okii^g — u. 



for fc = 1, ...,71. Secondly dtTf^\t=Q is equivalent to 

r (i5°°a,2^oo - i5^^9?/i.,)k=o + g'^dMop - ^00 = 0, 

for k — 1, ...,n. When assuming F^ = 0, the Reduced Einstein vacuum equations (1.3) is 



(3.9) 



(3.10) 



5™a2 Vlt=o = -^g'^'d^hl, - 5^^9.9,/i" + F' 



Multiplying (3.9) by g and substituting (g 9^ /i^i/)|t=o terms by the right hand side of (3.10), we 
have 

{ g''g''d,hl^ + gP'g''d,hli - ig™5^^a.9,C + h^^g'^d^d^hl^ + g'^E',, y^'p;, = 0, 
^ • ^ \ g''\-2g'^d,hlp - g^^d,d,h%) + g''{g'^d,hl, - \g-^d,hl,) + g'^Fl^ - g'^D',, = 0, 
for k — 1, ...,n. 



Lemma 3.1. The harmonic gauge conditions {3.8) and (3.11) are equivalent to the constraint 
conditions (3.1) combined with (3.8) in the fixed coordinates. 



Proof. Wc only need to show under the condition (3.8), (3.11) is equivalent to (3.1) . First (3.8) 
gives 



(3.12) 



g'%l,^g^^hl^~2g^Pdy,0, 



for fc = 1, ..., n. Plugging them in the first equation of (3.11 ), we have 

= g''d.{~g^'h]i ~ g'f'dihl, + Ig'^^d.h^) - g'^d.g^'^hl^ + g^'g^'d^hl^ - Ig'^'g^'d^dXa 
+ y^'g''d,d,h%+g"^E',o-y^'F;, 
= g°'9^\^^hll - dphli) + g^^{-g'^d,dih% + g^'d^d^h^i + g^^'d^d^hli) + Qo 



RADIATION FIELD FOR EINSTEIN VACUUM EQUATIONS WITH SPACIAL DIMENSION n > 4 



11 



where Qo is a quadratic form of {dih^ , h^), 

= g^^{-d,g^^h]i ~ d.g'^dih% + \d.g'^f'd,h% - d^g'^'hl^ ~ D',^) + g"°E',, - gP'E'^^ 



9 E^Q-g^'Epi, 



which gives the first equation of (3.1). Rewrite the second equation of (3.11) as follows: 
- y^'g'^dkhlo - g'"g"\dy,o + dkK,) + g^^^g^^i-d^d^ + d.hl^ - \dkh\^) 
- 2g'^g^'d,hli - g^'g^^d^d.hli + g'^ F',, - g^^E'^, = 0. 



Plugging (3.12) in the first three terms in above equation, we get 

= - g''du{y^h\^ ~ g^f'd^hl^) + iff°°afc5°°/iJo + 5^^5,(5°' /^L + g'^dihlf, - Ig^^^d^h^^) 
+ 9''d,9''hl, + g"^d,{g"^hl, + g^^d^h^ - y^^d^h^) + g"'d,g'"hl 
+ g°'g''{-d.dA + d^hl^ - ^^dkhl^) ~ 2g«50'a./ii; - g'^'g^'d^dXi + 9°^Fl0 - 9°°E'^, 
= g""g''{d.hl^ - dkh}^ - d^dXo + dkd.h'^oj) + 9"'9"\dkhl - d^hl^ + d^dihl^ - dudihl,) 
+ g°'g'^{~d,d,hli + dAh% + d,dih% - dkdih%) + Qk 
where Qk is a quadratic form of {dih^, h^), 

Qk = g"'{-hdkg''hl^ + dkg'^d^op + Id^g^'hl,) + g°\d,g^'hli + d^g'^dihl^ - \d,g^Pdkh% 
+ d.g^'^hl, + dkg^'hl + dkg'f'dih^ ~ ^dkr^d^hl^ + dug^'K,) + g'^F^^ - ^""Kfc 



- -.9 Ef.^-g (E^f. + E,.,^) + g rko+d ^i 



Oi ipl 

ki 



r,00 P" 



E, 



Ok 



2{g°^E',,+g'^E[ 



ki) 



which gives the second equation in (3.1 ). Since the substituting action is reversible, we finish proving 
the equivalence of (l3^+(|3lll) andTI^ + (O) . D 



Notice that ( 3.8 ) is an elliptic system of equations of /ij for /i = 0, 1, ..., n and which is free when 
we solve the linearization of (3.1 ). Hence by a similar decomposition as in the proof of Proposition 
3.1 the linearization of (3.8) +(3.11) form an elliptic system w.r.t. {Ai, Ci, S", ft.J„ : /i = 0, ...,n} 
when considering the solutions in space (3.2) for or n > 3 and A e (0, n — 2). Denote by V^'^ the 
space of solutions to (3.8)+(3.11) such that 

Then by the same proof of Proposition |3.H we have 

Proposition 3.2. For n > 3, A G (0, n — 2) and e > small enough, V^'^ is a Frechet manifolds. 
Here V^^'^ has tangent space V^^'^ at (0, 0) which is the space of solutions to Hnearization of 



(3.8) + (3.11) and is isomorphic to 



^)x£, 



JV+1,A 



^p^'WC 



3.3. Gauge Fixing. Suppose (M^t", <;) is an Einstein vacuum solution which is close to the Minkowski 
space-time with Cauchy data {h^,h^) satisfying the constraint equations (3.1). Here 



"•/ji/ ~ 5/^" 



^ii. = 9tg 



1 2. — r K^Ij" be a diffeomorphism preserving the Cauchy surface: 



in the sense of matrices. Let <i> : M^ ^" 

x^' ^x^' + ff'it^x) with /"(0,.t) = 0. 
We want to find out all ^ such that (t, x) are wave coordinates w.r.t. the pull back metric g = ^*g 
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Denote by {hP^h^) the corresponding Cauchy data in coordinates (t,x) : 



(3.13) 



+ [dtfidx-^gi^u + ds:-yg^i3d„f'^ + ds-igaud^.f'^ + ds-,gai3d^f"dyf'^)]\t=o 
+ [5m/39.5J^ + -g^.d^dtr + g^dtd^rd^f^ + d^rdtd,f%=o- 



To make g satisfy the harmonic gauge condition (1.4), it is equivalent to require / satisfying the 
following equations: 

(3.14) {g,, + -gs,d^f)g^^d^dpr + G,{g, d,g; f, df) - 0, for /i - 0, ..., n, 

where G^ are analytic functions of {g, dg; /, df): 



Gp^ig, dg; f, df) = g^'^^idagf.p + do,gf,jdpf'^ + d^gspd^^f + gs^d^^f dpf^) 



l„ap 



{df,gap + d^ga^dpf + d^gspd^f^ + d^gs-^daf^dpf^), 



G^,{g,dg; 0,0) = g°'P{dagf_ci3 - ^^^^gap)- 



Notice that dag^v = dag^u + daf^dpg^^. Here (3.14) is a system of quasilinear wave equations of / 



Given any /o = f\t=o and /i = dtf\t=o with enough regularity, we can solve (3.14) in a neighborhood 



of Cauchy surface. Furthermore, if (/o,/i) are also small enough, / is determined globally. Since 
we assume /q = 0, (/o, /i) have 2n + 1 freedom. 

However, we want to choose the gauge before we find out the global Einstein solution g for Cauchy 
problem. By Theorem n] this can be done by requiring Cauchy data {h^ , h}) in the new coordinates 
{t,x) to satisfy the harmonic gauge conditions (1.5|, or equivalently, (3.8) and (3.11). First (3.8) 
give (n + 1) hnear equations of d1f\t=o and allow us to write i9^/|t=o in terms of (/o,/i)- More 
explicitly 



(3.15) 



dlf''\t=o^f^{h''~h^-J^Ji) 



where /^ are analytic functions of {hP ,h^\ f^, fi). Then (3.11 



3.1 since the constraint equations \l-2\, or equivalently (3.1 



is satisfied automatically by Lemma 
, is invariant under deffeomorphism. 

This shows again that the global diffeomorphism, or equivalently the global harmonic coordinates 

set, is determined by (/o,/i). 

3.4. Group Action and Fibration. From above discussion, the set of (/o,/i) = (/|t=o, c^t/|t=o) 
gives a gro up ac tion o n th e spac e of Cauchy data (ft.", h^) which satisfies the harmonic gauge condi- 
tions (3.8) and (3.11) via (3.13). We discuss this group action in the following. For A > 0, let Q^''^ 



pn+l 



):/o" = 0, ||(/o,/i)ll<£'}, 



be the nonabelian group generated by 

{(/o, A) e p^i<+2(l^ : M"+i) X Po^<+i(l 
for some e' > small with group operation 

(/O, /l) * (/O, /l) = (/O + /O o {Id + /o), A + /7/i o (Id + /o) + /7a,/o o [Id + /o)) . 

and identity (0,0). Here o denotes the composition of functions. It is clearly that Q^'^ does not 
depend on e' > small. Then Q^'^ has two subgroups generated by (/q, 0) and (0, /i) respectively, 
which transversely intersect at (0,0). Denote by 

C^ = {/o : (/o, 0) e t;^'^}, gf -^ ^ {/i : (0, /i) e g^^^}. 



Lemma 3.2. 



With above notation, 



r>N,X r'N.\ 



r,N.\ r'N,X 



Denote by V^-^ 
,n sti 

(3.16) 



gJV.A . yN,x ^ V^''*' where e is chosen in Proposition 



3.2 



By Lemma 
can study Q^ ' and Q^ ' separately. First, Q^ ' forms an nonabelian group with operation 



3.2 



(0, A) * (0, A) = (0, A + A + A°A), V A, A e ^i 



N,\ 
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By (3.13), given /i e ^f '^ and (/jO, h^) £ V^'^, then (/i^, h^) = (0, /i) • {h" , h^) is defined as follow: 



(3.17) 



'■00 

1,0 



/3 
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hlo - (^00 + hU? + ^^hUl) + '^{hlp + hlpli + 5./i°^/D/f 



a J-/3 



parP 



+ (h'ap + Kpli + d,h%Il)I?K + 2.90^/2'' + 2g„^/r/; 



/^o. = (^0. + hlf, + du'hlli) + {hip + hlpfi + 9k^0f^)P 

+ gifsf2 + goisdif^ + (japfldif^, 

hi, = hi, + hlJ? + dJilJ^ + g,^9,/f + gc.AI?- 



Here /2 — f2(h" ,h^',0, fi) is defined in (3.151. Obviously Gi ' preserves the coordinates on the 
Cauchy surface and hence preserves the restricting metric and second fundamental form on Cauchy 
surface. Given initial data {ho, hi), let go be the induced metric on Cauchy surface and fco the 
corresponding second fundamental form. This defines the map it : (h'^ , h^) — > (go, ko): 



[go]ij 

In our setting, 
Let Cf ^^ = niG^'^ 



[ko] 



-(1 - C + ffo'CC-)^ (a,C + d,h"o, - hi 



[goh - 5.3 e Po'<+'(iR"), [^0]., e p^^-^'H^iw^). 

Vf^^). Obviously, 

gN,X ^^^.A . ^^,x 



C<N,x 

provides a fibration structure. 

Secondly, Gq ' is obvious equivalent to the diffeomorphism group on Cauchy surface with the 
corresponding regularity and decay at infinity. The group operation is as follows: 



/o*/o = /o + /o°(W + /o), yfoJoeGo 

'^'^ is just a 
/o G Gq'^, we have the commutativity 

which implies that 



N,\ 



The action of Gq ' on C^' is just a pull-back. Denote by C ' — Gq 

-,N,X 



TT O /o = /o O TT 



a 



N,\ 



Then for any 






N,X 



V 



N.X 



c 



N.X 



is also a fibration. Let V^'^ — C^''^ /Gq ' and tt' the quotient map. Denote by mg be the Euclidean 
metric and 5^(r*M") be the symmetric 2-tensor bundle on M". Summarizing above discussion, we 
have 

Proposition 3.3. For n>3 and A € (0,n— 2), the quotient space T)^'^ is an open neighborhood 



of (rriejO) in the solution space of constraint equation (1.2) in 
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with the fibration structure: 



Gi 



N,X 



Go 



N,X 



V 



N.X 



C 



N.X 



D 



N,X 



4. CONFORMAL TRANSFORMATION 

To study the asymptotic behavior of solutions which are close to Minkowski space-time, it is 
equivalent to study the asymptotic behavior of their conformal transformation on X, the compacti- 
fication of Mj|j" defined in Section 2 by performing energy estimates for a conformal transformation 
of the reduced Einstein vacuum equation (1.3 1 with Cauchy data satisfying the harmonic gauge 



condition (3.8) and (3.11). We clarify the conformal transformation of metrics and equations in this 



section by describing them in the local coordinates on X specified in Section [2] 

4.1. Perturbed Lorentzian Metric. Let g = m + h he a, Lorentzian metric on R]^" with m = 
~dt^ + X]"=i "^^^^ the Minkowski metric and h a small symmetric (0, 2)-tensor: h = h^^dPt + 
2hoidtdx^ + hijdx^dx^ . In the fixed coordinates (i,x) = (a;°,a::^, ...,a;"), it is equivalent to say that 
/i is a function on M^ ^" or the interior of X valued in (n + 1) x (n + 1) symmetric matrix space 
SM{n + 1,M) ~ M*"^^2"'^''. In this sense, denote by 

H'"', ^,z/ = 0,...,n. 



5'"^ = m^"" 



Definition 3. For any k e Nq, denote by 6fc(ft.) a real analytic function of h with coefficients in 
£/°'°^°{X) such that 



Qk{h) ^ Oi\h\^) 



as 



\h\~^0. 



For any k £ No,j,l £ N, denote by Qk{h){v^, ...,v'') an l-forni in {v^,...,v'') with coefficients Qk{h), 
and Qk{h){v^, ■■■,v''){u^, ...,u^) an j -form in {u^,...,u^) with coefficients Qk{h){v^, ...,v''). 

Lemma 4.1. For any k,l eNq 

Qkih) + Oiih) = enun{k..i}W, ek{h)eiih) = Ok+iih). 

Lemma 4.2. With above notation 



i/"" = -h. 



Q2{h), i/°' = h^, + Q^ih), H^' = -% + Q2{h). 



For the purpose of studying the geometry of g near null infinity of {M.^\.^ , g), we also denote by 



hnn — hnf) — h 



top 



pO 



^OAit 



'^pp — f^fii^ 



'^ip — i^pi — l^ip" • 



With this notations, the harmonic gauge condition says that some components decay faster than 
the others near null infinity. 

Lemma 4.3. Suppose (t,x) are harmonic coordinates w.r.t. g. Then in each domain Qi for 1 < 
i < 5 with the choice of p and pi specified in Sectioni^ there exists D G '%(r2i) such that 



[D, p] = [D, 9] = and D{2hf,p - 6i^tr„,/i) == pidh + ei{h){dh), for ^ = 0, 1, 



.,n. 



Here Be %{X). 



Proof. We prove the statement by writing out a particular choice of D in local coordinates. First in 
ill and 5^5, it is obviously true since pi = 1 and we can choose D = 0. For the other domains, D 
can be chosen as follows: 
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• lnn2, a = l- ^,b= ;r^, p = ab, pi ^ a, 

(bdb - ada){2hop + tr„/i) = adh + ei{h){dh), 

{bdb — ada){2hip — 6'itr,„/i) ~ adh + Qi{h){dh), 

=^ Dhpp^adh + ei{h){dh), D^ {bdb- ado). 

• In n^, p = I, T ^ t - r, p ^ pi ^ p, 

dr{2hap + trmh) = pdh + Qi{h){dh), 

dr{2h,p - 9,tT„,h) = pdh + ei{h){dh), 

=> Dhpp = pdh + Qi{h) {dh) , D = dr. 

• Inf24,a==l— 1,5= ^— ^, p — ab, pi — a, 

(ada - bd-b){2hop + tr„/i) = adh + ei{h){dh), 

{ada — bdb){2hip — 0jtr„j/i) = adh + Qi{h){dh), 

=^ Dhpp = adh + ei{h){dh), D = {dda - bdb) . 

Here tr,nh = m°'^haj3 = — /loo + X]"=i ^a- We finish the proof. D 

4.2. Conformal Transformation of the Lorentzian Metric. Recall that p denotes a total 
boundary defining function of X and pi denotes the defining function for boundary hypersurfaces 
S^ fori = 0,1, 2. Set 

(4.1) m — p ni, h — p '^ h, g — p g ~ m + p h ~ rfi + p ^ h. 

Similarly, we denote by 

hop = hro = hf)pO^, hpp = h^^O^O" , hip = hpi = hp,i9^. 

Lemma 4.4. Under the assumption and notation in Lem,ma \4-3[ 

D{2hpp - e^tirnh) = Pidh + piQiCh) + P^ {&i{h){dh) + OaC/i)), for m = 0, 1, ..., n. 

Proposition 4.1. If h e C"{X : SM{n + 1, M)) such that for some S > and all 1 < i < n 

p^^hp, e C°(X : SM{n + 1,R)), p^^^^hpp e C°{X : SM{n + 1,R)), 

2J ii^pi'iioo + 22 ii/^r^'viioo + ii/or^^'^'ippiioo < e, 

fiyi' l<i<n 

for some e > small, then g extends to a C'^{X'^) Lorentzian metric of signature (n, 1) on X^ with 
S^ being its characteristic surfaces. 

Proof. The statement is independent of choice of boundary defining functions. Hence we only need 
to write the metric g = rh + jj^h in local coordinates near dX with particular choice of p and pi as 
stated in Section [21 

• In f^i, s = ^, p= i, p = p, 

m = -dh + 2sds^ + (1 - s2)(^)2 + d^0^ 
P P 

p^h = hood^s + {hoos^ + 2ho,9's + h,je''e^){ — f - 2{hoos + hQi)ds — 

+ h.jde'de^ + 2hadsd9' - 2{jio^s + h,.je^)de^—. 
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• lnn2, a = l- ^,b= ;r^, p = ab, pi = a, 

m = 2da— + a{2 - a){ — f + cPO, ■m\p^^Q = d?e, 

~2i /da 2 /, „ , 27 \/'^^\2 r>/7 ^dadb 
ph^hpp( — ) + {hpp~2ahop + a hoQ){ — ) +2{hpp- ahopj - 



+ h.-jde'dd^ + 2hp, — d9' + 2(-hp, + ahoi)—de' 



da ,„, „, , , ^db 

— dO' + 2{-hp, + aho^)- 

• In ns, p ^ I, T ^ t - r, p = pi = p, 

m — 2dTdp — p d t + d 6, mjpj^o = d 6, 

fh = hpp{ — f + p'^hood^T - 2hQpdTdp + hijdO'de^ + 2pho,de'dT - 2hp,d0' — . 

• In ri4, a = 1 - f , 6 = 7^, p = ah, pi = a, 



t 1 t-r^ 

db ,„ ^,db. 

J-'^'-'^^Tb^ 



2da^ - a{2 - cl){-^) + (1 - afd^O, m\p,=o = d'^O, 



P^h = hppi^f + {hpp - 2-ahpe' + d^h,,9'e^)itf + 2{hpp - ahp,e')^t 

Hi (J (Ji (J 



+ (1 - dfhijdO'dO^ - 2(1 - a)hp,de'— + 2(1 - a){-hp, + ahij9^)de'^. 



'— + 2(1 - a)(-hp, + ah,.j9^)d0'^ 
a b 

,d(t)s2 , v^ ,2.i ^..i,ud(j) 



fn=-{l- Ivm^^r + X: dV - 2yW{J), 
-p^h = {hoa + 2ho^y' + h,jy'f){^f + hjdfdy^ - 2{hoi + h,jy^)dy 



Here in fJ, for 1 < i < 4 we use the polar coordinates. Notice here 6 is restricted on §" ^, i.e. 16*1 — 1 
and 9id9^ = 0. Then the statement is obviously true if (5 > 1. For (5 e (0, 1), let 

fiPi)^k r p'i''hppdp[epic'\X). 
Jo 

and change the coordinates near 5*1 as follows: 

• In ^^2, set b = b'e-f^''^\ 

• In ils, set T — t' — f{p); 

• Inf^4, set b = logb'ef^^\ 

In the new coordinates the metric components is uniformly bounded and {pi — 0} is its characteristic 
surface. Since the coordinates changing preserves the boundary hypersurface Si , we prove the 
statement. Notice that the coordinates change extends to a C^'^ homeomorphism of X — > X. D 

4.3. Wave Operator and Commutators. Denote by D^ (resp. Dg) the Laplace-Beltrami oper- 
ator w.r.t. g (resp. g = p^g). The relation between Dg and Dg is stated as follows. 

Lemma 4.5. For any u e C2(Mj\+"), 

(4.2) Dg{p'^u)^p'^{Dg+j)u, -f = -p'^ngP^. 

Proof. The formula can be proved by direct computation as Friedlander did in |Frj . 

Dgip^u) - Igl-'-dpilglh^'dAp^u)) 



1-1 



(4.3) 



p''^'\~9\-^dpip''T9\-^g^''d,ip^u)) 



p^^+'\~g\-Wp{\g\^g'^''ip^d,u-ud.p^)) 



.. ti + 3 



D 
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Lemma 4.6. Suppose (t,x) are harmonic coordinates w.r.t. g. Then in each domain Qi for 1 < 
i <5, with the choice of p, pa, pi,p2 specified in Section^ we have 

Dg = Da + {poP2)^[-p7^hppiD^ + (3 - ^)D) + pT^QiihKid^ + d))], 
1 = "fo + p'^QiCh), 



where D G ii,{^i) is defined in Lemma 4-3 and d E %{X),d'^ E 'f^{X). Here 70 — —p ^ O^p 2 
is a constant in each domain and in particular, 

D,n — 2dp^D + dP + d mil2,^3 and i}4. 

Proof. If {t,x) are harmonic coordinates w.r.t. g, then Dg = g^'^d^^dy = n,„ + H^'^d^diy, which 
imphes that 

Dg + 7 = D™ + 70 + p-'^H'^'d^^d^p^. 

n + 3 71 — 1 

We can write D™, p ^ H^^^d^d^p^^ , 70 and 7 in local coordinates in each domain VLi for 1 < i < 5 
with a particular choice of p.po, Pi, P2 specified in Section [2] 

• InUi, s= ^, p^ I, p^ p, 

□™ = - (1 - 5^)92 + 2sd,pdp + 2sds + {pdpf + pdp + Ae, 

Dg = Da + [i?™ - 2si?«&, + s^w^0,e,]d^^ + [w^e,ej]{pdpf + w^i^,^, 

+ 2[-H^'e, + sW^e,9j]ds{pdp) + 2[H^' - sW'ej]d,^, 

+ 2[-W^0j]{pdpW, + [-{n + l)iJ"''^, + sW^{-6,^ + {n + 2)0,9,)]ds 

+ [W'{-5,j + (n + mO,)]pdp + [-nW^e^]^, 

= n,~„ + p^ei(/i)(a2 + a), 

7 = 70 + [H^'{-'^5,, + ("-^f+^) g.0,-)], 70 - - ^"'^f'^^ 

• In ri2, a = 1 - ^, fe = ;r^, P = ab, 

D™ = 29,6^6 - a{2 - a)dl - 2(1 - a)9, + A^ 

= 2da{bdb - ado) + {adaf + ada + Ag 
Dg = D™ + a-2[H00 _ 2W"9^ + H'^e,e,]{bdb - adaf + [W^9,9,]{adaf 
+ 2a-\-H°'e, + W'e,e.j\{ada){bdb - ada) + H'^U, 
+ 2a-i[iJ°' - H'^ej]^i{hdi, - ada) + 2[-H'^ej]^i{ada) 

+ a-^[H°^ - 2H'°9, + H'^e.Oj + aW^{-6,j + nO^ef) - (n - l)aH°'9^]{bdb - ada) 
+ [H'\-5,, + {n + i))e,e,]ada + [-nH'^e,]^i, 
= n,j, - a'^b^hpplihdb - ada)'' + {bdb - ada)] + a'^b'^Q^{h){d'' + 9), 
7 = 70 + [W''{-^5^, + ("-iK"+3) g^g^.)], ^0 ^ - <"-^f-^\ 

• In r^s, p = i, T = t - r, p == p, 

n,~„ = 25pa, + (p9p)2 + pdp + Ag, 

Dg = D™ + p-2[^oo _ 2W°0, + W^e,ej]dl + [W^0,6,]{pdp)'' + il'^'^#, 

+ 2[-i/*J'0j](pap)^, + 2p-i[-H*0, + w^e,0,]dr{pdp) 

+ 2p-i[H« - i/''^'e,]a,^, + [i/'^'(-5,j + {n+ m0j)]pdp 
+ p^^[-{n - l)H"'e, + W^{~Sij + ne,dj)]dr + n[-W^ej]^, 
= D™ - p^hppdl + p^Qi{h){d' + d), 
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• In ri4, a = 1 - J, 6 = jz^, p = ah, 

D™ = - 2dabd-b + 5(2 - a)dl + 2da - (n + l)ada + j^^e - jEk^ada ~ bdj,) 
= 2da(ada - Idi) - {adaf ~ nada + jr^^e - f^(a9a ~ hdi) 

+ (1 - a)-^W=^,^^ + 2a-i[^™ - i?°^0,](aaa)(695 - ad^) 
~ 2(1 - a)-iijO'(aaa)^, + 2(a(l - a))-i[-^''" + H'^0,]{bd-, - adaW, 
+ (1 - d)-^[-W^9j -{n- l)H^'% + nH"%da + a-^[H°° - 2iJ*( 
+ {n- l)a{H°" - H°'0i) ~ a(l - a)-^W^{-dij + e,9j)]{bdi ~ ado) 

= u^ - d^b^hppiibd-, ~ ddaf + {bdi - dd-a)] + d'^b^eiih){d^ + 5), 



W^9,9j 



7 = 70 + 



n^-l rrOO 



70 = 



• Inf^s, 0= i ?/= f, p: 



a. 



J2 y'drf - <^d^ + E y'^') + ^^' 



+ nH''"{(f>d^ + fdy.) - {n + l)H'''dy., 



OJ 



y''dyk)dyi 



7 = 70 + '+r^-«"", 70 = 
We finish tlic proof. 



n -1 ttOO „,_ _ ri^-1 



D 



Next, we consider the commutator of Dm and a basis of ^^(X). By Lemma 2.1 we can choose a 
basis of %{ilj), denoted by ^j, for < j < 5 as follows: 



(4.4) 



Mj = {Z^^ : ^, 1/ = 0, 1, ..., n}, j=l,2,4,5, 
^ ^3 = {dT,pdp,Zij ■.i,j = l,...,n}. 



Lemma 4.7. Suppose {t,x) are harmonic coordinates w.r.t. g. Then in each domain Qj for 1 < 
j < 5, with the choice of p specified in Section[R 

Pm, Zoo] = [□*, Zij] = 0, p,Ti, Zqj] = Ci(n,7i + 7o) + 9 + C-, 

for 1 < i < n, where Ci^d^ £ C°°(i7j) and 9 G 'fb{flj). In particular, in fl^, 

[Orh,dr] = 0, [Dm,pdp] = Da - (pdp)'^ - pdp - Ag. 
Proof For any u G C°°(X), 

[D™, Z^^]u = (n,jj + 7o)Z^i.u - Z^y(n,n + 7o)w 

n + 3 71-1 11 + 3 11-1 

= p 2 n„p 2 ^^^u _ ^■^^^p 2 UmP 2 M 

^lo ^ ^ n + 3 71 1 n + 3 ti 1 

= p^ ^^ [Dm, Zp^]p^^ u + p ^Dmip^^ ,Zp^]u~ [Zp„,p ^]n,„pT^u 

= Cp^{Um + 70)U - ^(Drn + 7o)p"^^p>' (p)" + ^P^^Z^,. (p) (□« + 7o)u 



= {Cpi, + 2p ^Zpy{p)){Um + 70)"" - 



^p™,p ^Z^^(p)]z 



Recall that p™, Zp^^,] = CpJOim with cq,; ~ Cij = 0, coo = 2 and 

p-iZoo(p) = (l^'^Zooicp) = -1, p"'Z,,(p) = <p-^Z,,{<j,) = 0. 
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Hence [Dm, Zoo] = [Om,Zij] = 0. Notice that we choose p = p in fli,fl2,^3 and p = in fl^jfl^ 
and 

{—s6j in ill r , , 

-(1 - a)di m fia , ^oo(W = -— = < , • r^ ' 

-(l + pr)0, in rig >- ^ 

Hence p-^Zo,{p) e C°°(f7j) for all 1 < i < n and 1 < j < 5. Since 
It is obviously for j = 1 or j = 5, 

[n^,p-iZo,(p)] e %{n,) + c°"{n,). 

For J = 2,3,4, by Lemma |4.6[ we only need to consider 

[2dp,D,p-'Zo,{p)] = 2dp,D{p-^Z^,{p))+2D{p-^Zo,{p))dp,+2dp,{p-^Z^,{p))D 
where 2^p,D{p-^Za^{p)),2^p,{~p-^Z^,{~p)) e C°°{^j) and D{~p-^ZQ,{p)) e piC°"{flj). Hence 

[2ap,i?,p-iZo,(p)] e rb(^) + c°°(%). 

We finish the proof. D 

4.4. Conformal Transformation of Reduced Einstein Equations. With the conformal trans- 
formation (4.11, the reduced Einstein vacuum equations (1.3) is equivalent to the following system: 

(4-5) (Dg +7)V = {poP2)'^p7^Fp,{h,dh), 



4.6 



and 



where 7 = 70 + p 2 Qi(^h) is given in Lemma 

F^. = {poP2)-^''+'^P^^"-'''F^,{p^h){d{p^h),d{p'^h)). 
Using the explicit formula of F^^ given in [LRlj , we have 
Lemma 4.8. For n > 3, 

Fp^ = eo{h){dh,dh) + pi&i{h)idh) + pie2{h)- 
In particular, in domains ^12,^3,^4, 

Fpu = e^e,{\{DtvJif - iDh'^Dhfi) + pi{eoCh){h){dkdh) + Q,{h)idh)) + plQ2{h) 
where D E Ybi^i) is defined in Lemma \4.^ 
Proof. By [LRl] . Fp^{dh,dh) = Pp^{dh,dh) + Qp^{dh,dh) + G{h)^^{dh,dh), where 

Ppu{dh,dh) = \dp{tT:mh)dv{trmh) - Id^h^^d^h'p, 
Qp.u{dh,dh) satisfies the null condition and 

G{h)p^{dh,dh) = Qi{h){dh,dh) 
First notice that [9,p^~] G p^~^"^°'"(X). Hence by the conformal transformation (4.1), 

p^,{dh,dh) ^ p^-\{poP2)^eoCh){dh,dh) + poP2pQi{h)(dh) + p^e2{h)), 

Qp,{dh,dh) ^ p''poP2{QoCh){dh,dh) + ei{h){dh)) + p''+'&2{h), 
G{h)p,{dh, dh) = p"-^ {{poP2?Qi{h){dh, dh) + poP2pQ2Ch){dh) + p'Qsih))- 
In particular, in domain ^12,^3,^4, 

Pp,{dh,dh) = p'''\poP2fOp04l{Dtr^hf - \Dh^pDhi) 

+ p''poP2{QoCh)idkdh) + e,{h){dh)) + p''+^e2{h) 
We finish the proof. D 
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Lemma 4.9. The equations |^.5[ ) implies that for all k > 

{ag+jo)d%.^ [n™,9'=]V + /M.W, where 

^^■^^ 4^W-(PoP2)"^pr^ E eo(M(a"^/i,---,5"'/i). 

Qi+---ai<fc+2, 2<i<fe+2, 0<ai<fc+l 

Proof. For fc = 0, obviously 

/°i.(^) = (7 - 7o)^Mi' + {PoP2)^^Pi ' -F^i' 

ai+a2<2,0<ai<l 

For A: > 1, (0^+70)9^^ = ^'/°.(^) + Ps,5'=]/»m- Hence 



By Lemma 4.6 fn^{h) has the form in (4.6). D 



Lemma 4.10. Let D be any vector field in SSa for 1 < j < 5 and I a multi-index. Then in each 



domain VLj for 1 < j < 5, the equations (4.6) implies that 



(ng+7o)^^V= J2 9%, + f'^,ih), where 



(4.7) ^ ^ °^'^'^'"^ 

/v(M = (poP2)"^Pi^ Yl Qomd'^^h,--- ^d'^'h). 

ai+---a,<|/|+2, 2</<|/|+2, 0<ai<|/| + l 



Proof. It is obviously true if |/| = by Lemma 4.9 Then for |/| > 0, by induction, 

\K\ + \JMI\-1 

Y, CK,jD''{c{ag + ^o) + c{a^-ag) + d^ + d + c')D''h^, 

\K\ + \.JMI\-1 

Y CKjD^i Y. d%,, + cfliCh) + {poP2)^p7^eo{h){d^ + d)D-'h^,) 

\K\ + \J\ = \I\-1 0<i<|J|+2 

where Ck.j are constants, c,c' £ C°°(ilj). Hence [Djfi,D^]h^i, can be expressed as 

Y d%, + {poP2)'^ p7^ Y Qomd'^'h,--- ,d"'h). 

0<i<|J'| + l ai+---ai<|/|+2, 2</<|/|+2, 0<ai<|7|+l 

we prove the lemma. D 



5. Time-like Functions. 

Time-like function is the most important concept associated to a Lorentzian metric: we use it to 
define the positive quadratic form on space-like hypersurfaces, as well as the energy norms. In this 
section, we consider the time-like functions w.r.t. m — p^m and g = p^g ~ rh + p^s^ h with h small 
on the interior of X, denote by X. 

Definition 4. Suppose g extends to a Lorentz b-metric on X^ of signature {n,l), T e C^{X) and 
p € X . We say T is time-like w.r.t. g at p iff 

(Vr,VT)g<0 atp, 

and null w.r.t. g at p iff 

{S/T,VT)g = Q atp. 
A hypersurface Y, <Z X is called space-like (resp. null) w.r.t. g iff Y, has a defining function T S 
C^(X) such that T is time-like (resp. null) on E. 
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Definition 5. A quadratic form field associated to the time-like function T w.r.t. g is defined by 

Fg{T,v) = {VT,Vv)gWv ~ \{Vv,Vv)~gWT + l^ov^VT. 
Here V is the covariant derivative w.r.t. g and jq < is some constant. 

Lemma 5.1. Suppose T, T' are two time-like functions w.r.t. a Lorentzian metric g at p £ X such 
that (VT,'\7T')g < at p, then {J-g{T,v),'\7T')g is a strict positive quadratic form of{\7v,v) at p. 



See Chapter 6 in |Hol| for proof in details. Moreover, we have the foUowing formulas from the 
divergence theorem directly, which implies the energy estimates if choosing T and Q properly. 

Lemma 5.2. Suppose that the domain Q d X has piecewise smooth boundary dfl with defining 
function T' and T is a C^ time-like function w.r.t. g on Q, C\ X . Assume T" £ C^{Q,C\ X). Then 



dwg[e~-'''Fg{T,v))dvolg^ I e--''" {J^g{T,v),Vr)gdfiT 



In Jan 

Here dfi^ is the volume form on d^ such that dT' A dji^ — dvolg and dft is oriented by dfjT > 0, 
and V is the covariant derivative w.r.t. g and 



-2T" 



(5.1) 



div^(e-^^ Tg{T,v)) 



-2T" I 



2{Tg{T, v), VT")g + (Vi;, VT)~g{Ug + 7o)« + Qg{T, «)), 



where Q~g{T,v) = Hiov"^ - {\/v,\/v)g)n~gT + \/^T{dv,dv). 



So 




Figure 3. Division of Xt>o by space like hypersurfaces and null hypersurfaces. 



For the purpose of energy estimates, we divide Xt>o into four domains {i^i}i<fc<4 by space-hke 
hypersurfaces and null hypersurface w.r.t. rh, or equivalently w.r.t. g. See Figure l3] We list the 
time-like functions used to define those surfaces, which are also used to define the energy norms in 
next section, domain by domain. For 1 < i < 4, we use Ti, T/ to denote time-like functions in^iOX 
such that T/ extends to a null functions on S^ n ^i. We use T!/' to denote the weight functions 
if necessary. We also compute the corresponding quadratic form field J-'g{Ti,v), quadratic forms 
(J-g(T„«), Vr/)g, {Tg{T,,v),VTl')g Riid Qg{T,,v) for 1 < z < 4. 

Through out this section, we assume the following; 

(Al) (t,x) are harmonic coordinates w.r.t. g — m + p^^h. 



(A2) |(poP2) 2 h\, |(poP2) 2 dh\, \{pqP2) ^ Pi hpp\, |(poP2) ^ Pi dhpp\ are small enough for 

some < ^ < \. 
(A3) 5' e (0, 5) satisfies i - (5' < 1 - 2(5 and a > 1. 
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5.1. In r^i. In r^i U r^o, define 



Ti = 



■01 (r)' 



^1 = {0 < Ti < f }, Eo = m = 0}, Si = {Ti = f }. 



where i/'i G C*^!^!) is defined by 



■01 (r) = 



- J 8 



|r^ — ir* for r < 1 
for r > 1 



Hence < Vi < 1- Then in f^i, 

(Vri,VTi)r„ = (p7Ai(r))-2(-l + T2(V;'i(r))2) < -^(^^^(r))-^ < _C 

for some constant C > 0. Hence Ti is a regular time-like function w.r.t. m all over fii and bounded. 
We choose p = po ^ ijji and pi = p2 = 1 in fli. Here ili n f^o is bounded in the interior of X. 
Near the boundary of f2i, i.e. in i7i n ili, recall that we use the following coordinates and boundary 
defining functions: 

t I X 
{s, p, 9) ^ {-,-,-); p^po = P, Pi =P2 = 1- 

r r r 

Let 7o < be a constant and we have the following two lemmas. 
Lemma 5.3. In fti Dili, 

{TrH{Ti,v), VTi)^ ^\\{l~ s')dsv - pdpv\'' + \\pdpv\'' + i(l - s'Wev\'' - 7o«'), 

Here V is the covariant derivative w.r.t. rh. 



-d£^ and pdp = —d^. Then 



Proof. In r^i n J7i, change variable to ^ = — In p e (0, oo) and hence — 
in coordinates {s,S,,0}, 

m = -d^s - 2sdsd^ + (1 - s^)d'^^ + d^e. 
It is a product type metric. WLOG, at any fixed point p = (s,^,0), let 6 denote the normal 
coordinate w.r.t. standard spherical metric d^9 on §"~^. Then at p, we can write the metric 
components as follows: 

" -l + s2 -s 
-s 1 

l„_i 

For the quadratic form, notice that 



-1 


— s 


1 




—s 


l-s2 





, 771 ^ = 








1„-1 J 





where 



(J-,~„(ri,«), Vri),-„ = (VTi, Vi>)|, - i(Vf, Vi;)™(VTi, VTi>A + i7o(vri, Vri)^z;2^ 

(vri,vri),j, = -i + s2, 

(VTi, Vt;),f, = (-1 + s^)dsv - sd^v, 

{VV, Vv)ra = (-1 + s2)|9,w|2 - 2sdsVd^V + \d^v\'' + \^ev\' . 



4.6 



Then the formula for (i^(Ti, w), VTi)^ follows directly. For Qm{Ti,v), by Lemma 5.2 we only need 
to compute ^mT\ and V^ri(du, dv). Using to the formula of D^ in the proof of Lemma 

'^mTi — 2s; and 
V^Ti{dv,dv) = {didjTi - TfjdKTi)V'vV''v. 
Here I, J, K € {s, £,, 6}. At p, the non-zero connection components are 



r|^(m) = -,s(l-s^), 

„2 



Hence 



V^Ti{dv, dv) = -s(l - s^)\dsvf - 2s^dsvd^v + s\d^vf 
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and Qrn(Ti,f) follows. D 

Those two formulae do not change much when we take the background metric g in the following 
sense: 

Lemma 5.4. In Vli, 

Qgin,v) - Q^iTi,v) = p^ei{h){v,dv) + pi^eoih){dh){dv,dv). 

Proof. We only need to concern the region near boundary. In J7i n J^i, let us do the similar com- 



putation as in the proof of Lemma 5.3 by using the same coordinate (s, p, 6). First, by the proof of 
Proposition|4.1[ write 



Hence the first formula follows directly by 

(VTi, Vri>3 - (VTi, VTi),,, - p7^Qi{h), 

(Vri,Vw)g - (VTi, V«>r„ - pp^Qi{h){dv), 

{Vv,Vv)g - {Vv,Vv)rn = p'^ei{h){dv,dv). 
According to the formula of Dg in the proof of Lemma |4.6[ 

DgTi - n,~„Ti = po^ei(/i)(a2 + a)Ti = p^Qi(h)- 

rfj(5) = Tfj{m)+p^{Q,{h) + Q^{h){dh)), 

g"div = m'-'div + p^QiCh){dv), 

which implies the second formula. Here I,J,K£ {s, ^, 9}. D 



Remark 1. Here Lemma 5.4 also holds if{t,x) is not wave coordinates w.r.t. g. 



5.2. In r22- In ^2, recall that the coordinates and boundary defining functions are as follows 

t 1 X 

{a,b,e) ^ {1 , -, -); pq ^b, pi ^ a, p2 = 1, p ^ ah. 

r r — t r 



Define for tq > 8 

'^- — 1+2^" 'Tiugu, J.2 — ^"i ^2 



T2 = -j^a''+-- + log 6, T^ = -a, T!^ = logfe; 



f^2 = {-| <r^ <0, -oo<T2 <-lnTo}, S]2 = {T2 = -lnro}nf72. 
Here T2 is a natural extension of Ti — 1 into 0.2- Then in ^2, 

(VT2,Vr2)A = -a*'-^(2 + a*'+5(2-a)), 

Hence T2, T2 are a time-like function all over Q,2f^ X and Tj is null on U,2 H Si w.r.t. m. In ^2, with 
7o < a constant, we have the following two lemmas. 

Lemma 5.5. In VI2, 

{J'n.{T2,v), VT^)a - ^a''-H\bdbv\^ + \bdbv ~ a{2 ~ a)dav\^) + \a{2 - a)\dav\^ 

{J'rn{T2,v),VT^')^ = \dav\^ + ia*"-^(a(2 - a)\dav\'' + \hv\^ ~ 7o«2), 

Qm(T2,«) ^\{\- &')a^'-^^{\bd^v\^ + \bd^v - a(2 - a)dav\^) + (1 - a)\dav\^ 
- ia^"-5(l + 2^ - (I + 5')a){\hv\^ ~ 70^^'). 
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Proof. In 1^2, change variable to ^ = — ln& e (lnro,oo) and hence ^ = —d^,bdb = —d^. Then in 
coordinate {a,h,9), 

m = -2dadi + a{2 - a)d^^ + d^O. 

With 9 the normal coordinates w.r.t. standard spherical metric d^9 at p e r22 H Int(X^), we can 
write the metric components at p as follows: 






-1 







" -a(2-a) 


-1 





-1 


a(2-a) 





, ™-l = 


-1 














ln-1 










1„- 



Then the quadratic forms follow from the following computation: 

(Vr2,Vr^),f, = -l-a^'+3(2-a), 

(vr2,vr^')m--a*"-5, 

(VTa, Vw)rn = a*'"' (a(2 - a)daV + d^v) + daV, 
{VT^, Vv)^ = a(2 - a)dav + d^v, 
{VT!,',Vv)^ = daV, 
{Vv,Vv)f„. = -2davd^v - a(2 - a)\dav\^ + \^ev\''. 

For Qm{T2,v), we have 

□rnT2 = a*'-5 (1 + 2(5' - a(| + 5')) 
and the non-zero connection components at p are 

Kiirh) = -{l-a), Tl^{m) = a{l-a){2~a), rf^(m) = l-a, 

which implies that 



\'^T2{dv,dv) = i}-S')a^'-^ai2-a)daV + d^vf + {l-a)[(dav)^ -a^'-^ {2davd^v + ai2-a){davf)]. 
Then Q^(r2,w) follows. D 

Lemma 5.6. For n > 4 and in i^2, 

{T~g{T2,v),VT^)g - {TfniT2,v),VT^)rH ^ a'^b'^ {ei{hpp){adav,d^v) + aei{h){dv,v)) 

+ a"-H''-\Q2ihpp)iadaV,d^v) + ae2ih){dv,dv)), 

{J'g{T2,v),VT^')g - {T,n{T2,v),S/T^'),n = a^b'-^ {Q^{hpp){adav,d^v) + aQi(h){dv,v)) 

+ a-"-''b''-^{Q2{hpp){adaV,d^v) + aQ2{h){dv,dv)), 
Qg{T2,v) ~ QrH{T2,v) = a'^b^ {ei{hpp){adav,d^v) + ei{hpp){dhpp){adav,d^v) 

+ aQiCh){dv,v)+aQo{h){dh){dv,v)). 



Proof. We can do the similar computation as in the proof of Lemma |5.3| by writing out the metric 
components in local coordinates {a,^,0) with ^ ~ —log 6 and is normal w.r.t. the standard 
spherical metric d^6 at p € fi2 H Int(X^): 



g — rh + a ^ b ^ 



1 1 Ti-a n-l 

" ^ ^ ' a 2 & 2 



g — m + 1 



hpp ^ -a{hpp - ahop) ^ a[ei(/i)]ix(„-i) 

-a{hpp-ahop) a'^{hpp - 2ahop + a'^hoo) a2[6i(/i)]ix(„-i) 

a[&i{h)](n-i}xi a^[0i(^)](«-i)xi a'^[Ql{h)](n-l)x{n-l) 

-a'^ihpp + aQiih)) -a{hpp + aQiih)) a'^[Qi{h)]ix(n^i) 

~a{hpp + aei{h)) -{hpp + a'^Q2{h)) a[eij/i)]ix(„-i) 

. a2[ei(/i)](„„i)xi a[ei(/i)](„_i)xi a'^[&i{h)]{n-i)x(n-i) 



RADIATION FIELD FOR EINSTEIN VACUUM EQUATIONS WITH SPACIAL DIMENSION n > 4 



25 



Hence 






{WT2,WT^)g - {WT2,WT^),n = -a^b^ihppC^ 



1 ,~ 

1 ,- 



aOiih)), 



{^T2,^T^)g - (VTs, Vr^')m = -a-^b^{hpp{l + a' +'-) + aQi{h)) 



s'+h^ 



^-5 71-1 ,- 



(VTs, Vv)~g - {VT2,Vv)f^ - a'^b'^ {hpp{l + a^'+-2){adaV + d^v) + aQi{h){dv)), 

(Vw,Vf)g-(Vi;,Vw)A 



-a^^^b"^ (h 



ppyadaV + d^v) +a<di{h)(dv,dv)). 



Then the estimates of quadratic forms fohows directly. For Qg (T2 , v) , first by the formula of Dg in 
the proof of Proposition 4.1 we have 



'\r.S'+i 



Hence 



D~gT2 - n,^T2 = -a^b^hppil + a- 6')a' +2) + a^b^Q^ih), 



(7o«2 - {Wv,Wv)g)agT2 - (70^' - {Wv,Wv)^,)a^,T2 
= a^b^ {ei{hpp){adaV,d^v) + aei{h){dv,v)) . 



And moreover, 



Kei~9)^Ke 

ner9)-no 

aa wJ aa 



rL(5) 



rU~9) 



Kei~9) 



ai 






rL(5)-r« 



ce 



rL(ff) 



m 



m 



a'^'b"^ (Qi{hp 



Qiidhpp) + aeiCh) + aeoCh){dh)) 



+ a^^%''-\<B2{hpp) + Qi[hpp){dhpp) + aQ2ih) + aQiih)idh)), 
= a'^b'^ (Qiihpp) + Qiidhpp) + aeiCh) + aeoCh){dh)) 

+ a^-H''-\Q2{hpp) + Qi[hpp){dhpp) + aQ2{h) + aQ^{h){dh)), 
= a'^b-^ {QiChpp) + Oiidhpp) + aei{h) + aQo{h){dh)) 

+ a^~^b"-\e2{hpp) + QiChpp)idhpp) + aQ2{h) + aei{h){dh)), 
= a'^b^ {Qi(h) + Qo{h){dh)) + a"-35"-i(e2(/i) + Qi(h){dh:)), 
= a'^b'^ {BiCh) + eoih)idh)) + a"-^b"-\e2{h) + BiChJidh)), 
= a'^b'^ (ei(/i.) + eoih)idh)) + a"-25"-i(e2(/i) + eiCh){dh)), 
= a'^b'^ {Qi{hpp) + Qi{dhpp) + aQi{h) + aQo{h)(dh)) 



^n— 5Ln— 1 



(Q2{hpp) + Qi{hpp){dhpp) + aQ2{h) + aQS){dh)), 
= a'^b-^ {Qiihpp) + <di{dhpp) + aeiih) + aQo{h){dh)) 

+ a"-46"-i(e2(V) + Qi{hpp){dhpp) + aQ2{h) + aei{h){dh)), 
= a^b^ (Qiihpp) + Qiidhpp) + aeiCh) + aeoCh){dh)) 

+ a"-36"-i(e2(/ipp) + ei{hpp)0hpp) + aQ2ih) + aei(/i)(5/i)), 
^ a^b^ {Biih) + QoWidh)) + a"-4&"-i(e2(/i) + ei{h){dh)), 
= a'^b^ (ei(/i,) + eoCh'Kdh)) + a"-36»-i(e2(/i) + eiih){dh)), 
= a^b^ {Biih) + eoCh)idh)) + a"-3ft"-i(e2(/i) + ei{h){dh)). 
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which imphcs that 

V T2{dv , dv) g — W T2(dv,dv),n 

= a^b^ {(Qi(hpp) + QiChpp){dhpp)){adaV, d^v) + a{Qi{h) + &o{h){dh)){dv, dv)) 



^ n — 5 L n — 1 



{{Q2Chpp) + Qi(hpp){dhpp)){adav, d^v) + a{Q2{h) + Qi{h){dh)){dv, dv)). 



We prove the third formula. 



D 



5.3. In Q,-^. In Vt^ U fig, define for tq > 8 

f^3 = {T3<To}\(f]iU02), S3 = K = -1} n f^3, S4 = {T3 = ro}, 
where V'2,V'3 ^ C'^l^s) are defined by 

r + TTT^r^^'^s ifr>l 






if r < 1 



'^3{r) 



3 I 3„2 _ l-,4 
8 ' 4' 8 



if r > 1 
if r < 1 



Hence -1 < "02 < 1. < -03 < 1. Then in ^^3 

(vr3, VTg)^ = r'(-i + (^2 W)') < 0. 

We divide 1^3 into two parts: 

f2^ =03n{-l <T;^ < 0}, fig = f]3 n {T;^ < -1}. 

where 5I3 C X is compact and fJg C rj3. Recall that in ^^3 we use the coordinates 



1 X 
{t,P,0) = (t-r, -,-), p = pi= p, po = P2 = l- 
r r 



Hence in il'-. 



3j 



n = T- 



26' + 1' 



J'+h 



S'-i 



{\7T3,yT3)rn = -P' -H2- p' +i) 



U = -p{2to - r) 



{vn,vn) 



-p(2To-r)(2-p(2ro-T)). 



Here T3 is time- like functions all over 173 nX; T^ is time-like in the interior of ilg and null on $13 n 6*1. 
With 7o < a constant, we have the following two lemmas. 

Lemma 5.7. In ft'^, 

{Trn{T^,v),Vn)^ ^ lp'''-\\drV\' + \drV + p^V^ + (1 - p'' +^^ )\dpV\^ 

{T,n{n,v),WU)^ = i/-^(2To - T)(\drV\^ + |9,« + p^dpV\^) + (1 - ip(2To - t) - ^ p'' + i ) p\d pV\' 

+ i (2ro - r + /+5 (1 - p(2ro - T))){\dev\' - ^o\v\^), 



l^\' I 3\j'+-r 



Qr^iT^, V) = i(i- 5')p' -H\dM' + \drV + p'dpV\') - p\dpV\' + i(<5' + 1)/ +2 (|a,^;|^ - 7o|^;|^), 

Proof. In rig under coordinates {t,p,9) with normal w.r.t. standard spherical metric at p e fig, 
we can write the metric components of to = p^m as follows: 

1 

1 p2 
l„_i 



-p' 


1 







1 








, TO-1 = 








1„-1 
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Then the quadratic forms follow from 

(VT3, VT;^)™ = -(2to - t) - p^'+5(l - p(2to - r)), 
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(VT3, Vi;)™ = cfpi; - p' -Hdrv + p'dpv), 
(VT^, Vi;)™ = p^pw - (2to - T){drv + p'dpv), 
(Vw, Vv),n - 2a^vapi; + Ip^pvp + l^ewp. 



For Sm(T3,t;), we have 



□,nT3 = -(f +,5')/ +5 



■'\.*' + ^ 



and the non-zero connection components at p are 

r;,(m)-p, r^,(m) = -p, r?,(m) = p3^ 
which implies that 

V^T{dv, dv) = (i - S')p^'-'^\drV + p^dpV\^ ~ p\dpV\^ - p^' + i {2drVdpV + p^\dpV\^). 

Then Q™(r3,u) follows. 

Lemma 5.8. For n > 4 and in fig, 

{Tgin, v),vT^)g - (j-™(r3, i;), VT^)„-, - p^ (ei(/ipp)(a,«, p9p«) + pQi{h){dv, v)), 
Sg(T3,i')-QA(T3,t') = p'^((ei(/ipp) + ei(a/ipp))(a,«,p9pi.) + p(ei(/i) + eo(/i)(a/i))(a«,«)). 



D 



Proof. We can do the similar computation as in the proof of Lemma |5.3| by writing out the metric 
components in local coordinates (r, p, 9) with normal w.r.t. the standard spherical metric at 



g = m + p 



g — rh + p 



p^e,{h) p^e,{h) p'[eiih)]i.in-i) 

P^^lih) ^ hpp P[®l{h)]ly.(n-l) 

P^[0l(^)](n-l)xl P[0l(^)](n-l)x(n-l) P^ [©1 (^)] (n-1) X (n-1) 

-~hpp + p'^Q2(h) P^QlOl) /3[©l(/l)]lx(n-l) 

p^Qr{h) p^eiCh) p'[ei(/i)]ix(„-i) 

- P[0l(/i)](«-l)xl P^[0l(/l)](n-l)x(n-l) P^[0l(/i)](«-l)x(n-l) 



Hence the quadratic form extimates follows by 



(VT3, VT^)g - (VTs, Vr^),j, = -p'^hpp + p^Qiih), 
{\7T3,\7v)g ^ {VT3,Vv)^, ^ -p^hppdrv + p^eiih)idv), 
{VT;,,Vv)~g-{V%,Vv).^^-p-^hppdrV + p-^Qi(h){dv), 
{Vv,Vv)g - (VT3, Vz;)a = -p^hpp\drv\^ + p'^eiCh){dv,dv), 



For Qg(T3, i;) - Qrn(T3, w), we first have 



Hence 



n^T3-n^r3 = p^ei(/i). 

-- p^Qi{h){drv){dpv) + p-^+^Qi{h){dv,v)+ p'^-^Q2{h){dv,v). 
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Moreover, 



Hence 



r^e(5)-r;,(m 

ree(5)-r^0(™ 

rpp(5) - rpp(TO 

r;,(g)-r;,(™ 
rpe(5)-rp0(TO 
r^,(g)-r;,(m 

Tee (5) -Tee (to 



= p'^(ei(/ipp) + ei(av)^ 
= p'^(ei(/ipp) + ei(a/ipp)4 
-p^(ei(/i) + eo(/i)(9/i)), 
^p'^{Qi{h) + Qa{h){dh:)), 

^P^{Qi{hpp) + Qi{dhpp)^ 
^ p^ (QiCh) + eo{h){dh)), 

= p'^{e,{h) + Qo{h){dh)), 



pei{h) + pQoCh){dh)), 
pQi{h) + pQo{h){dh)), 



pQi{h) + pQo{h){dh)), 
pQi{h) + pQoCh){dh)), 



V^T3{dv,dv)g-V^n{dv,dv)^ 
= p^ {{Qiihpp) + Qi{dhpp)){drv, pdpv) + p{Q^{h) + Q^{h){dh)){dv, v)) 

+ p''~^{&2Chpp) + QiChpp){dhpp)){drV,pdpv)+p{e2Ch) + QiCh)idh)){dv,v)). 
Then Qg{T3,v) - Qrh{T3,v) follows. 



D 



5.4. In 514. In fl^, recall that we have the coordinates and boundary defining functions 



— 7* 1 3^ 

id,b,9) = (1- -, - — -, -); po = 1, pi^a, p2 = h,p = ah] 



and in f25, we have 



1 X 

^,2/) = (^,^), ^= |y|; Po = pi = i,P2 = p = 



Both sets of coordinates can be extended to 514 U Vtc, with transition map 

(j) ~ ab, y = (1 — a)9. 
Define 

n= -^(5(^f+^+ln(2-a)-ln& = --^(i^)^'+^+ln(l-|yn-ln0, 



2<5' 



Ti= - (^)i-"afe" = -(i^)i-"(/."; 



and let 

Then in 5^4 n X, 



f24 = (fi4 U f75)\ri3. 



(VT4, VT4)™ = -1 - 2(1 - af{^^f-i[l - {^)f+i] < 0, 
(VTi, VTi)^ = -2a(^)2-2"52"(2^a - 1 + a)(l + ff^a) < 0, 

(VTi, VT4)™ = -(2^)i-"6"(aa + ^^{1 - (2 - a)(^^)^'+5)) < 0. 

Hence T4,T!^ are time-like in 5I4 n X and T^ is null on S^ n il4. With 70 < a constant, we have 
the following two lemmas. 
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Lemma 5.9. In ft^, 



{:F^iTi,v),VTi)^ = i^y-''b''{Ci{\ai2 - d)dav -bd-.v]-" + \bd-,v\^) + C2\dav\'' 

aQrniT4,v) = Di{\a{2 - a)daV - bd-,v\'' + \bd-,v\^) + D2\daV\^ 

+ D3{\a{2 - a)dav - bd-,vf - \bd-,vf) + D4-g^ + A^(-7o«'), 



where 



_ (l-a)^/a(2-a)Nd''-i , l-g , a ^a(2-a)^g'+l 



1 _ ^a(2-a)^<5' + 4N 



"^l - 2-a I 2 i + (2-a)2 + (2-5)2 I 2 ' + (2-5)2 I2 - I 2 -I ^ 

C2 = aa{l - a)(l - (M^)5'+l) _ ^(i _ a), 

n — aa , (1-a)^ I («-2)(l-5)2 ^ a(2-a) ^<5' + l. 

n -^1 y\ (l-5)^ / a(2-a) Na-'-^ a 1 / 5(2-5) n<5'+1 

i^l - (2 ^^ i 2-a \ — 2 — i ^ 2(2-a)2 + 2=ai — 2 — i ' 

-D2 = -a(l - a), 

i^4 = (1 + 2y)i^(^^)*~'+5 + (n - 2)a(i - (^e_^)^'+5), 

A5 = (1 + 2,5')^(^^)'"+^ +na(i - (^^)^'+5). 

Proof. Under coordinates (a, ^, 0) with ^ = — log b and normal w.r.t. the standard spherical metric 
(P9 at p E ^4 O Int(X^), the metric components are: 



1 

1 -a(2-a) 



(l-a)^l„_ 



m = 



a(2 - a) 1 

1 

^ (1-5)2 In-i 



Then the quadratic forms follow from 

(VT4, VTi)^ = - 6"(2^)-"(l - (2 - a)['^ + (1 - a)2(5(^)^'+5]), 

(Vr4,Vr;)A= -l-(l-a)2(il(^)^'-5, 
(Vr4, V«)a = - ((^^)^'-^ + ^^)d^v + {l-a- 2{^^Y+^d-aV, 
{VTlVv)^ = 6"(2_5)-"( _ (2_a ^ ^a)^^!. + ^(1 - a)(2 - a)aaaf), 
(VT^, Vt;)A = - 2^ae« + (1 - a)dav, 

{WV, Vv)rH = 2daVd^V + 5(2 - 5)951; + ^^ ■ 

For Qm(24,u), we have 



, a(2-a) -^S' + i; 



□mT4 = -(1 + 2(5')(1 - a)2(^^i^)* -5 _ n + 2n(^^i^) 
and the non-zero connection components at p are 

V% = -{l^-a), rf^ = a(l-a)(2-a), H, - a(l - a)(2 - a), 



r|^ = 1 - a, r|g == 1 - a, 



which implies Q,n(24,w) 



D 



Lemma 5.10. For n>A and A G {\ — 5' ,1 — 25'), there exists a e (1, ^^^) such that in VL4, 
Proof. We only need to find a' = Aa G (1, n — 1) such that 



(5.2) 



D, 



mv\ 



v\- 



f^f + D,{-l,v^) < \C,i^^ j„v-), 



D3{\a{2 - a)dav - bdj,v\^ - \bd-,v\^) < A(a(2 - a)daV - bd-^vl^ + \bd-,v\'') + E2\dav\' 
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where 



r/x (l-a)^/a(2-a)N5'-i a+2A(l-a) 



I a'-2+a ( 5(2-5) \&' + \ , a' a j 1 _ / 5(2-52 \ 5'+ i \ 
"•" (2-a)2 *- 2 -< ' ^" (2-5)2 >> 2 \ 1 ) ) 

E2 - AC2 -D2 = «'a(l - a)(l - (M2_^)^'+^) + (i _ A)a(l - a). 
First, if a' G (rt — 2, n — 1), then 



5(2-5) N^' + l (a'-2)(l-5)2 ^ 5(2-a) Ng'+j 

2 '' ' 2-5 y 2 ) ' 



(1-a) 



a(2-a) ^(5' + 4l 



> Ai^^[l-(^^i^)*+3]>0 



Similarly, if a' e (n — 1 — |, n — 1), 



AC3 - A 



+ %^[^ + (1 - 2-5' - 2A)(^^)'"+5] 
>l[a'-n + na{2 - a) + (a' - 2)(1 - df] + A^^[l - (M2_^)5'+^] 



> ^ii2^[2a'-n-2+f] > 0. 



Hence we prove the first inequality in (5.2 1 for a' e {n — 1 — ^,n— 1). For the second one, there 
are two cases. First, if { 2 )^ ^' — 5' then D3 < 0. So we on] 
case, notice that < 1 — a < ^. Let a' e (n — |, n — 1). Then 



are two cases. First, if { 2 ^ ^^ — 5' then D3 < 0. So we only need to show — D3 < Ei. In this 

V2 



IP I T^ ^ n+a' + (n— 2 — a'+2A)(l — a) ri+(n— a')(l — a) ^ a(2 — a) n 5'+i 

£/i+1^3> 2(2-5)2 (azr^p 1^2^) 



> 



l^+a' + (7^— 1 — g'- 2<5')(1 — g) n+(n— a')(l — a) ^ a(2 — a) -115' + ^ f(X'\ 

2(2-5)2 (2-5)2 I 2 'I •— J l" )■ 



Here /'((5') > and hence 



Ei+Ds> i_[ »+"'+(n-i-a')(i^5) _ („ ^. („ _ ^/)(i _ a))(£l(^)l] 



> 



rn-j-o' n 



' a(2-a) \h 



(2=5F^^ 73 (--«'-^^^)(l-«)(^^^)^ 



>4(2^[(4-2^/2)n-37I_|]>o 



for all n> 4. Second, if { 2'^ Y ^2 < i, Then the second inequality is equivalent to 
(5.3) 2(03 - E,)a{2 - d)davbd-,v < 2E^\bd-,v\^ + {E2 + 0^(2 - dfiE^ - D3))\dav\^ 

In this case, Ei > and 

E2+d^i2~df{E,-D3) 

> a'dil - a)(l - (^e_^)*"+i) + (1 - A)a(l - a) 

+ d^iia' - 2 + d){^^f+i + 5±2Mi^ + («'a - (n - 1)(2 - a))(i - (^(^)^'+5)] 
>a2K(l - a)(l - (M^)*'+^) + 2.5 + (^.^ „ („ _ i)(2 _ s))(i _ (M^)^'+^)] 

> a2(a' + 2 - 7i)(2 - a)(i - (M2_^)*-'+^) > 



for a' e (n — 2, n — 1). Hence (5.3) follows by 

2E,{E2 + 5^(2 - d)\E, - D^)) > {D3 - E^fa\2 - a)\ 



2n2 



Ei{2E2 + a^(2 - dYEi) > r (2 - dyD^ 



By direct computation. 



2E2 + a2(2 - 5)2^ > a'a(2 - df{^ - (M^)^'+^) 
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Hence for a' e (?i — |, n — 1), 

^1(2^2 + 0^(2 - a)2^i) > a'[a' + 1 + (a' - 2 + a)(2 ~ a)]a''{\ - {-^f+hf 

>a'[2a'-l]a2(i-(^^)*'+5)2 

> a^{2-afDl. 
Wefinishtheproof for ae (^- |,^). D 

Lemma 5.11. For n > 4 and in f24 

+ a"-%''-^+''{Q2{hpp)iadaV,d^v) + aQ2{h){dv,dv)), 
Q-giTi, v) - Q^(Ti, v) = a'^b'^ {Qi{hpp){adaV, d^v) + Qi{hpp){dhpp){adaV, d^v) 

+ a<dx(h){dv,v)+aQo{h){dh){dv,v)). 



Proof. The proof is similar as tlie proof of Lemma 5.6 by substituting (a, b) by (a, b) if restricting 



to VL/^ and similar as the proof of Lemma [5^ if restricting to ri5. D 



6. Energy Estimates 
In this section, we mainly prove the following theorem by energy estimates. 
Theorem 3. For n> A if given Cauchy data 
(6.1) {h", h}) e vf'-^+'V^ with iV > n + 6, 5 G (0 i) ande>Q small, 



,NM-^ .„ .„.„^. .„ .__._,^| 



where Ve ' ^ is defined in Section 151 then there exists a global solution h to the reduced Ein- 
stein vacuum equations such that h = p "^h is C^' up to Si and hence the radiation field in 
Friedlander's sense (see ^\) is well defined: for some a > and C > 



(6.2) J^Mh',h') ■■= h\s± e pgp2 ^ WiSr), \\h\,^\\ ^ „_^ < Ce. 

PaP2 ^b i^i ) 

which provides the leading term of h along the bicharacteristic curves. 



The theorem follows by Proposition |6.1[[6^ 6.3 6.4 and Corollary[2|[3l[4l We do energy estimates 



for h satisfying the conformal transformation of reduced Einstein equations (4.5), with particular 
choice of time-like functions and boundary defining functions in each domain Qi for 1 < i < 4. Here 
N, S are fixed all over this section and e is chosen to be small enough. The image space of TZp will 
be refined in Section [3 



6.1. In fli. To solve the equations (4.51 in i^i, it is in fact a local existence theorem. We prove the 



local existence and uniqueness theorem in the conformal setting for Ti £ [0, |] for Cauchy data in 
weighted b-Sobolev space and small on Eg- Denote by Ej = {^1 = t} the space-like hypersurface 
with defining function Ti and fl\ the domain bounded by Eqi '^i and Sq. Define the high energy 
norm on Y,\ by 

Aff (t;«,g) ^ i f Yl e-^''°'"'°{F{TuD'v),\7Ti)gdiif ] Vie [0,|]. 

Y^l \I\<N ) 

Here dp^^ A dTi = dvolg and D e x{'>')-^o + (1 ^ x{t))-^i where < x < 1 is a smooth cutoff 
function such that x(r) = 1 if r > 1 and x(r) = if r < ^. Here 

■SSq = {dp : IX = 0, ..., n}, ^i = {Zpy : /i, i/ = 0, ..., n}. 
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We choose 70 = — ^ '^^ — - for J>jj(Ti, v) in Definition 5 First, (6.1 ) implies that for some constant 
Co>0, 

(6.3) Mf (0;ft,m) < Coe. 

n-1 ^ 

Lemma 6.1. There exists 61 > such that if \\pq^ ^IIl^{sM ^ ^1 then 

J2 iD'vlKCptM.'^ii-vrg), 

l/l<f+l 

for some constant C which is independent of ei if it is small enough. 



We find out the existence oihto ( 1.3 1 (resp. h to (4.5 )) by considering it as the Umit of a sequence 
h^ (resp. Ir), which are solutions to the linear equations (resp. their conformal transformation) for 
I > starting with h^^ = (resp. h^^ = 0): 

ag,h'+J^F,,{h'){dh\dh'+'), 

Here g^ — m + h^g^ — fpg^ and h^ all have same Cauchy data with (h'^, h^). Notice that there is 
no guarantee that g' should satisfy the harmonic gauge conditions in coordinates {t,x). However, 
it does not change the expression of conformal transformation of equations too much as stated in 
Section [^4} i.e. 

j{h') = 70 + Po^iQiCh') + Qiidh'), 
F[h\h^+^) = Qo{h^)(dh\dh^+^) + Qo{h^){dh\h^+^) + Qo[h^){h\dh^+^) + Qo{h^){h\ h^+^). 
We also study the equation for ft,'+^ — /i' and U^^ — h^ to get the convergence of ft.' and h: 

Ugi{h^+^ - h^) = (Dg,-! - Ugi)h^ + {F{dh\dh^+^) ~ F{dh^-\dh^)) 
(6.4) {Dg, + l(h'))(h'+^ - h') = {Ug.-^ - Ug.)h' + ( 7 ( ^ ^ " ^ ) " 7 ( ^^ ^ ) ) ^^ ^ 

+ ~p^{F(h\U+')-F{U-\h')). 

Lemma 6.2. There exists e'^ > such that if M^ {i; h\g^^'^) < e[ for all i = 0, ...,l and i £ [0, |] 
then 



M^{i-y+\~g')<CM^{Q-h'+\~g') V t G [0, 



^'+1 7.1\ 



where C is a constant independent of i and M^{0; /i'"'"^,^') for e^ small enough. 



Proof. We can first choose e[ such that such that Lemma 6.1 holds for all h^ for z = 0, ...,Z.. This 
can be done by induction since h~^ — and I is finite. So 

J2 \\D'h'\\L^i^i)<CM,''{t;h\~g'-')<Ce[, Vz = 0,...,Z, 
|/|<f+i 

E \\D'h'+'\\L^i^i)<CM,^ii;h''-\g'), 
i/i<f+i 

To get the high energy estimate for ft'"*"^ we first deduce the equation for D^h'^^^ for \I\ — k < N, 
(D^, +7(ft'))^^ft'+i = D\p^FCh')Ch\h'+^)) + [a^g:+j{h'),D'W^' 



|a|<fc+l,j<fc+l,|a|+i<fe+2,l<j" 



By Lemma [5?2| 



(Mf(a'+i,g')2 



(Mf(0;ft'+\.g'))2= I Y^ diYgi{e-^^^°'^P°F{Ti,D^h))dvol~gi 



'1 |/|<JV 
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Here by Lemma [5T3| and 5.4 



\I\<N 
\I\<N 



< 



|/|<JV 



-2(5 log po 



{\/T,,\/D'h'+')g.{D^g. +^o)D'h'+' + C'iM^{T,;h'+\~g')y 



Here V is the covariant derivative w.r.t. gK Hence 

d^{M^{i;h'+\~g')f^ f J2 div^,(e-2*i°sPij-^,(Ti,i)^/,))d^P 

^1 |/|<Af 

< 2C"(Mf (t; h',~g^) + l)(A/f (i; h'+\~g'))^ 
<C'{l + 2e\)M^{i-h'+\~g'), 

which imphes that 

M^{i;h'+\~g') < e^'(i+2<)*Mf (0;/i'+\g') < CAff (0; /i'+\ ,5'), Vt € [0, |] 

Here C > is a constant independent of e'^ if it is small enough. We finish the proof. 



D 



Proposition 6.1. There exists e" > such that if M^ {0;h,fh) < e" then the equations (4-5) have 
a unique solution in f^i such that 

M^{t;h,m) <CM^{0;h,m), ViG [0, f], 

where C > is a constant independent of Mi [Q; h,fh) if e'l is small enough. 

Proof. We fi rst c hoose e'/ > small such that M{^ (i; h'^ , g^^) < Ce" < e[ where e'l > small such 
that Lemma 6.2 holds. This can be done since h'^ is the solution to standard wave equation on 
Minkowski metric and hence can be written out explicitly by using fundamental solution. Then by 
induction in Lemma 16.21 

Aff (Ti; h\g''^) < Ce'/ < e[ V ? > 0. 
We do the similar energy estimates for /i'+^ — /i' satisfying equations (6.4) and hence 

{a^.+^{h'))D\h'+^ - h^) = D'[p^{FCh')Ch\h'+^) - FCh'-W'\h'))] 

+ p^, + j{h'),D']Ch'+' - U) + D'[{U~g.-. - U~g^)h' + {^{U-') ~ j{h'))h']. 



6.2 



We deduce the estimates for ft,'+^ — h^ in the same way as in the proof of Lemma 
d,{Mi^{i;h'+'-h\g')f 

^1 |/|<Ar 

< 2C"(Mf (i; /i'+i - h\g^)f + 2C'e[M^{i; h^ - h^--\g^)M^ {i; h^+^ - h\g^) 
where C" > is a constant independent of e[ , and it implies that 

Mf (l;/i'+i - h\g') < C'e'ie^'* f\-'''^' M^ {Ti;h' - h'-\~g')dTi 

Jo 



and have 



< 2C'e[e^'' 



.-C'Ti A.fN 



Mi'{Ti;h 



I li-i =i-i 



r')dn. 



For / > 0, let 



/i, = sup Aff (t;/i'-/(/-\m). 
te[o,f] 
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Then fiQ < e'l and for I > I, fii < 4e']^e'i'^/i;_i. Choose e'l and hence e" even smaller if necessary such 
that 4eie3C < 1 then for any t e [0, |], /, A: > 1 



fe-i 



(Mf (a'+^m))^ - {M,^{l;h\m)r = ^^(Mf (U'+^+i - h^+\m)r < (|)'E(i)Vo < (Dl^f . 



i=0 i=0 



Hence /i' converges to h with Al(^ {t;h,m) < 2e']^ for all t € [0, |]. Here ft. provides a solution to 



equations (4.5). Choose e'l and hence e" small such that Lemma 6.2 holds for h. We finish the proof 
of existence. 

For the uniqueness, suppose there is another solutions h' with the same Cauchy data such that 
Mf (t; h',rh)< CMf (t; h',m) < Ce'{ < e[ for some constant C > 0, then 



(Dg + j{h)){h - h') = (Dg, - ng)h' + (7(ft') - l{h))h' + p, ' {F{h){h, h) - F{h')ih', h')), 

{Og + j{h))D'Ch - h') = &{p^ {F{h)(h, h) ~ PChW, m + p^, + ^{h'),D']Ch'+^ - h') 

+ D'[{Ug,~Ug)h' + {^{h')-^{h))h']. 
A similar estimates shows that 

M^{i]h-h\~g)<Ceie^' [ e'^^^M^ {Ti;h-h' ,~g)dTi, 

Jq 

=^ J2 M^{i-h-h',~9)<\ E M^{i-^h-h',g) 

t6[o,|] ie[o,|] 

Hence M^ {i; h-h',g) = for all t e [0, |], which shows that h = h' . D 



Hence if e > small enough such that Coe < e", we solve the reduced Einstein equations (4.5) up 
to Si. 

Remark 2. When restricting to Oi, all the proofs work for spacial dimension n > 3. 



6.2. In 0,2- To solve the equations (4.5) up to n,2 with given Cauchy data, we first notice that the 
solution we find in fii can always be extended a bit over Si since fli is closed. If the Cauchy data 
is small enough, we show that this extension never stop in $12 until it arrives Si . 
For t e [- J, 0], denote by 

s^ = K = t}nf^2, s^ = S2n{-^<r^<t} 

the space-like hypersurface w.r.t. m with defining function Tj and T2 separately, and J72 the domain 
bounded by Si, S'o, S', S2. Define the high energy norm on S' and S2 by 

1 

Y^i \I\<N 

L^{i;v,~9)^ [1 E e-^''°^P«{T^,{T2.&v),WT2)gd^lf 

\^2 |/|<Ar 

Here dp-^ A dT2 = dvolg, dp^^ A dT2 = dvolg and D £ ,'^2 = {Z^^ : p.,v = Q, ..., n}. We choose 70 = 

— ^"~ ^.^"~ ' in the definition of quadratic form J-g{T2,v). With above notation, first Proposition 
|6.1| implies that for some Ci > 

M2^(-i;«,5)<C7ie, L^(-i; «,.g) = 0. 
Recall that we choose 6' e (0, 6) such that ^ — 6' < 1 — 26 in the definition of T2. 
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Lemma 6.3. For n> 4 there exists €2 > such that if Wp^^ ^IIl'=°(S') + IIPo ^ Pi 'Vpll-L°=(S') ^ ^2; 
then for D G ^2 = {Z^u : ^w = 0, 1, ■■■,n\, 

^^M^{i-v,m) < M^{i-v,g) < V2M^ {i;v,rh), 

Y, \D'v\<CptMi'it;v,~g), Y. \D'dav\<Cpf,pf^Mi'ii;v,~9), 

|/|<f+i |/|<f 

J2 \D%p\<GpiplM^{i-Xm). 
for some constant C independent of €2 if it is small enough. 



Proof. The first three inequaUty follow from Lemma |5.5| and |5.6| directly and the last one follows 
from the harmonic gauge conditions. By Lemma |4.3[ 



\hpp\ = I / bdbhpp — \ 

b 



< / \adahpp + adh+{ab)^ei{h){Dh)\ — 
Jo 

< ij 6*y)a5(l + ei(||(a6)^/i|U))M2^(t;/i,7fi) 

<C'p^pfMf(t;/i,m). 

For \D^hpp\, it is estimated in the same way as \hpp\ since [bdb, D] — Q for all D e ^2- O 

Proposition 6.2. Forn > 4, there exists t'2 > such that if M2 {~\\ h,m) < €2, then the equations 
(4.5) have a unique solution in U,2 such that 

where C > is a constant depending on 6 — 5' but independent of 63 if it is small enough. 

Proof. By the proof of existence the orem in f^i, we see that first we can choose £2 > s mall such 
that the we can solve the equations (4.5) for t < to, where to £ (— 1,0) such that Lemma 
Then by Lemma 15.21 



6.3 



hold. 



{M^{i-X~9)f + {L^{i-Xg)?-{M^{-\-X~g)f= f Y. <^^^s{e-^''°^''°Tg{T2,&h))dvolg. 



^o \I\<N 



Here the divergence term can be estimated according to Lemma |5.5| and Lemma |5.6| as follows: 

^^ aivg[e -"-'^'-"j-g[i2,-U-n))avo''^' 
It. 



I Y div~g{e-^^^°^P"J'g{T2,D'h))dvol 

^2 |/|<Ar 

= / Y b-^'{Q~g{T2,D'h)-2d{J'g{T2,D'h),W\ogb)g + {WT2,WD'h)~g{a~g+jo)D'h)dvoll 

^2 |-f|<JV 

< [a-i(l - 26) + 2CV-*'-i + 2C"a'^^i-5*'Af2^(t; h,g))]iM^ (i; h,g)f 



where C" > is a constant independent of ^2 if it is small enough. Here — | — |(S'>(5 — (5'— 1 
since S — S' < 2 ~ ^- Notice the faster decaying of hpp and Dhpp guarantee that the perturbation 
of Qg,J^g, Og all fall in the smaller term and the leading term a~^{l — 26) is determined by g = to. 
Here 3t(I/^(t; h, g))'^ > since it is an increasing function of t. Then 

d,M^{i;h,~9) < a-\\~5)M^{i-:hrg) + C''a'-''-^M^{i-hrg) + C''a-HM^{i-hrg))^ 

=^ d,{a^-'M^{i-hr9)) < C"a'-''-'{a^-'M^{i-hrg)) + C"a'-\a^-'M^{i-hrg))^. 

Assume /(t) — |t| 2^''Af^(t; h,g) < 1, which is true at t = — j if £2 small enough, then 

dj < 2C"\i\'-''-'f ^ /(t) < e^(^)"''/(-|). 



36 FANG WANG 

Hence /(t) < 1 is true for all t e [— ^, to) if €2 small enough, which implies that 

M2^(l;/i,5) <C"'|tr^M2^(-i;/i,g), Vt e [-i,to) 
for some C" > is independent of e'2 if it is small enough. Notice that 

=^L^{i-hr9)<C""\i\'-Hd^{~\-X9). VtG [-i,to) 

where C"" > is a constant independent of 63 if it is small enough. Taking C = C" + C"" , we 
prove the statement for t e [— ^,{0). Moreover, 

for some C" > independent of ej if it is small enough. Hence choosing £3 even smaller if necessary 
then Lemma 6.3 still holds at Tj = to, which allows us to extend the solution up to and hence a 
bit over T2 — to with all the above estimates holds without changing of constants. Therefore the 
solution will never stop until it arrives U,2C^ Si. We finish the proof. D 

From the the discussion in ili, we know that if the Cauchy data small enough, i.e. e small enough, 
we have the condition in Proposition 6.2 is satisfied. Hence we can solve the equation (4.51 up to 

f22ns'+. 



Corollary 2. For n > 4, suppose M^ {—^;h,fri) < £2 with £2 chosen such that Propositic 
holds. Then h is C^*' up to 5^2 H Si and 

for some C > is a constant depending on S, S' but independent of £3 if it is small enough. 



6.2 



Proof. By Lemma 6^ and Proposition |6.2[ for some constant C" > 

\dM<C'a'-^b'M^{-\-hr9)- 
Hence h is C°'* up to ^2 H S^ and the radiations field h\^ ^^ is well defined. Moreover, define 

y^i fe+|/|<jv 
Then for some C" > and C" > 

d,{Q^{i;h,g)r<2C'''\i\-'^Mi'{i;h,9)Q2{i;k~9), Q^ {-{-Xg) < C" M^ {^\-Xrh)- 
which implies that 

Q^{i-X~9) < f ^ C'"\i\-iM^{i;hrg) + Q^{~\;hr9) < CM^{-\-h,rh), Vte [-i,0]. 

Finally, Q2 {0',h,g) gives the norm bound of h\g+^^ . D 
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6.3. In SI3. To solve the equations (4.5 1 in fl^ we first notice that with Cauchy data small enough, 
the solution we find in fii U O2 can be extended to Jig since it is compact in the interior of X. We 
show that if the Cauchy data is small enough then this extension can be taken into fl'^ and never 
stop until it arrives 5^ ■ 
For t e [-1,0], denote by 

E^ = s]2n{-i <T;^ < t}, E^ = {r;^==t}nr23, E4 = S4n{-i <r^ <i} 

the space like hypersurfaces w.r.t. m with defining function T2, Tg and T3 separately, and n\ the 
domain bounded by S2, E3, E4, S3. Define the high energy norm on Ejj ^37 ^4 by 



y^s \i\<N 

y^l \i\<N 
L^ii;v,~9)= (£^ E (J-^(T3,^M,VT2)gd/xJ= 



^2 |/|<A' 



Here d^^^ A dTg = d-yoZ^, d^J^ A dT^ = dt;o?g, d^J^ A dT2 = dvolg and f) e ,^3. Here 

^3 == {9r,p9p,Zy : i,j = l,...,n}. 

Notice that the two quadratic forms {Fg{T^,D^v)^VT2)g and {Fg{T2,D^v),VT2)g are equivalent 
on S2. We choose 70 = — i!lz_Jpz_J. j^ the definition of J^g(T3,v) in Jig. With above notation, by 



classical theorem for wave equations and Proposition 6.1 and Proposition 6.2 for all t G [—1, 0] 



M^{-l;v,m)<C3e, L^ i-l;v,m) < C^e, L^ (-1; v , m) = 0; 

di{L^{i;v,9)f < C!\if'-h^ l/ipplsj + \DhppkJ < C^pU, 

where C3 > independent of e if it is small enough. In particular wc choose S' g (0, S) in the 
definition of T^ such that ^ — 6' < 1 — 26 and tq > 8 large in the definition of T3 . Similar as Lemma 



6.3 we have 

Lemma 6.4. For n > 4 there exists 63 > such that if \\h\\i^oo/Y:^\ + \\p^ 'ippllL°°(EM < ^3; then 

^Af3^(t;«,m) < Mi'ii;vrg) < ^M^{i;v,m), 

J2 iD'vll^CMi'iUvrg), Y. \D'dav\<Cp;hl^{i;v,g), 

|/|<f+i |/|<f 

\hpp\ + \Dhpp\ < C^pie + CpfM^ii; h, m). 
for some constant C independent of £3 if it is small enough. 



Proposition 6.3. For n > A, there exists e'^ > such that if e < e'^, then the equations (4--5) have 
a unique solution up to S4 such that 

M^(i-hrg) + L^{i-X~9)<C\i\'-'-e, Vte[-1,0], 
where C > is a constant depending on 6, 5' hut independent of £3 if it is small enough. 



Proof. We first can choose £3 such that we can solve the equation in fii U 5I2 U l^g and (6.51 holds. 
Choose £3 even smaller if necessary such that we can extend the solution to S3' for some to G (—1,0) 
with Lemma WM satisfied and 

\i\^-'M^{i-hrg)<l. 
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Then By Lemma [Q] 

(M3^(i; h, ~g)f + {L^{i; h, g)f ~ {L^ {-I; k ~9)f - {M^ {-l; k ~g)f - {L^{i; h, ~g)f 

^ [ y. dWg{j^giT3,D'h))dVOl~g. 



^^3 |/|<A' 



Here the divergence term can be estimated by Lemma [577| and Lemma [5. 8| as follows: 



^? 



f J2 diY~giTg{n,D'h))dvol 

^3 |/|<Ar 



^3 |/|<Ar 



Hence 



<{{\-n'^\-'+^c'\ir'-%M^(i-x~9)f. 

d,[M^ {i-K~g)f < Cl\i\''-h^ + [{l-5')\i\-^+iC'H\'-''-']{M,^{i;h,g)r 

=^ d,{e^''-"\t\'^-'\Mi'ii:h,m<Cie'\i\''-''''^ 
Here | — (5' e (0, 1 — 25) and C depends on 5, 5' only if eg small enough. Notice that, by Lemma 

Choose £3 even smaller if necessary such that AI^ {i;h,g) < Cie|t|''^2 implies Lemma 



6.4 



6.4 



Then 

when we extend the solution over to, all the above inequalities still hold with the same constants 
and hence the extension does not stop until it arrives S^ . Moreover, 

d,{{L^{i;h,g)r) < [(i -<5')|tri +4C'|t|*-*'-i](M3^(i;ft,5))' < C"'e'\i{''-\ 
Let C = Ci + C2. We finish the proof. D 



Corollary 3. For n > 4 suppose e < £3 with £3 chosen in Proposition 6.3 Then h is C up to 
^3, n S^ and 

ll^S+llH"(03ns+) - ^^ 
for some constant C > depending on 5 hut independent of £3 if it is small enough. 



Proof. By Lemma 6.4 and Proposition |6.3[ for some constant C" > 

\dph\ < C'ep^-^. 
Hence h is C^'^ up to Q^ n S^ and the radiations field h\^ ^g is well defined. Moreover, define 



Q^(t;t;,g)= j£^ E \9rfev\'dpf 



^3 k + \I\<N 



Then for some C" > and C" > 

diiQ^ii; h,9)r < 2C'"\t\-Hd,''{i;hr9)Q^{i;h,9), Q^{-l;h,9) < C"M^{-l-X, 

which implies that 

Q^{i;h,g)<l c"'\i\-Hd^ii:;h,g) + Q3h'^;k~9)<Ce, Vte[-1,0]. 
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Finally, ^^^(O; h, g) gives the norm bound of h\g+^ . D 



6.4. In V,^. To Solve the equation ( 4.5 1 in i74, we firs notice that if the Cauchy data is small enough, 
then we can extend the solution a bit over S4 on a compact region. We show that if e > small 
enough, then this extension can be taken all over 1^4 and hence we solve the equation globally. 
Let to = inf{t : E4 n f24 ?^ 0}- For t G [to, 0], denote by 

Si = E4 n {-1 <Ti< t}, tl^hiCi {Ti = i} 

the space-like hypersurfaces w.r.t rh with defining function T3 and T^^ separately, and rt\ the domain 
bounded by S4 and S4. Define the high energy norm on E4 and S4 by 

Af4^(t;«,5)= (/ ^ (J-g(T4,^M,VT^)^d/.J^ 



L^{i;v,~g)= ij^^ 5] (J-^(T4,^M,VT3)gd/.J^' 



6.1 



6.2 



6.3 



Here rf/ig* A dT^ = dvolg, rf/i=^ A dT^ ~ dvolg and D G ,'^4^ = {Z^y : fi,!^ — 0, ..., n}. Notice that the 
two quadratic forms {Tg{T'i, D^ v),VTz)g and {Tg{Ti,D^v),\/T'i)g are equivalent on £ 4. We choose 
7o = — " ^ ^ in the definition of J^g{T4,v) in ^,4. With above notation, by Proposition 
for all te [to,0] 

M^{io;v,~g) = 0, Lf(io;«,ff)=0, 

L^{t;v,~g)<C4\if-h, \h,p\^J + \Dhpp\^J<C4pU 

where C4 > independent of e if it is small enough. In particular, in the definition of T4 we choose 
S' G (0, S) such that S — S' < ^ — S and in the definition of T4 we choose a E (1, fS^) such that 
Lemma [5. 10| holds for X — 1 ~ 26. Similar as Lemma [6^ we have 

Lemma 6.5. For n> i there exists €4 > such that if \\p2^ ^IIl°°(e') + IIPi P2 ^ ^ppIIl°°(s') < ^4; 
then 

-^M^{i;v,m) < Mi'{t;v,~g) < v^Mi" (i; v , m) , 

J2 \D'v\<CMi'{t;vrg), J2 \D'dav\<Cpf'Mi'ii;v,g), 

|/|<f+i |/|<f 

\hpp\ + \Dhpp\ < C4pU + CpU\np2)Mi'(i;h,rn). 
for some constant C independent of £4 if it is small enough. 



Proposition 6.4. For n>A, there exists e" > such that if e < e", then the equations (4-. 5) have 
a unique solution all over VL4 such that 

M^{i-X~9)<C\i\'-"^e, Vie [to, 0], 
where C > is a constant depending on 5 — 5' but independent of e'l if it is small enough. 



Proof. We first can choose e'l such that we can solve the equation in fii U i72 U 5^3 and (6.6 1 holds. 
Choose e'l even smaller if necessary such that we can extend the solution to S4 for some ti G (to, 0) 
with Lemma l6. 51 satisfied and 

|t|5-^M4^(t;^,5)<l. 

Then By Lemma [5?2| 



{M^{i-hrg)? - {LUi-h,~9)f = / E '^^^~9{^9{TA,&h))dvolg 



"4 \I\<N 
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Here the divergence term can be estimated by Lemma 5.9 Lemma 5.10 and Lemma 5.11 as follows: 
/ Y, d\Yg{F{T^,b'h))dvolf 

•^^4 \I\<N 



'? 



-"4 |/|<Ar 



<[{l~26)\i\-^ + 2C'\i\'-''-^+2C'\i\~'^M^{i-;h,mM^{i-:h,~9)f 
< [(1 - 25)|r' + 4C'|t|^-^'-i](A/f (t; h,9)f- 



Hence 



dtiMi'ii;hrg)r<d,iL^ii;hr9)y + [{l-26)\i\~'+4C'\if-'-']iMi'ii;hr9)) 



7i\\2 



4C' \i\S-S' , 



4C' uliS-a' , 



=^ Mf (t;/i,5) < e#^l'«l'"'Lf (t;/i,.9) < C\i\'-h. 
Here C depends on 6,6' only if e" small enough. By Lemma |6.5[ this implies 

\p7^h\<C"p^'e, \p^dh\<C"pU, and \p^hpp\<C"pip^'i\np2)e, 

where a' = ^^ — a{^ — 6) > 0, and C" only depend on J, 6' , a if e is small enough. Choose e" even 
smaller if necessary such that M^ {t; h,g) < Ce|t|''~5 implies Lemma 1 



6.5 



Then when we extend the 
solution over ii, all the above inequalities still hold with same constants and hence the extension 
does not stop. We solve the equation (4.5) globally. D 



Corollary 4. For n > 4 suppose e < e" with e'l chosen in Proposition 6.4 Then h is C up to 
rii n S^l and for < a < '-i^ - a(i - S), 



's+ 



<Ce 



V^^ H«(n4n5+) 

for some constant C > depending on a, 6, 5' , a hut independent of e" if it is small enough. 

in n^ for some constant C" > 



Proof. By Lemma |6.5| and Proposition 



6.4 



J2 \D'h\<C'a^-H"^^-^^h, Yl \daD'h\<C'a^-^b"(^^--^h. 
\i\<f \i\<f 

Hence h is C^'^ up to 1^4 n S^ and the radiations field h\^ ^g is well defined. Moreover, define 



gf(t;.,.9)=[|_^&"-i-^-+" E \{bdi)H^,yv\'dp 



I.A2^.Ti 



k+\I\<N 



Then for some C" > 

d,{Q^{t;h,~g)f<2C"\ 



Here " ^ ^'^ > ^ ~ S, which implies that 



^lA,rN/ 



Mi\i-h,~9)Qn^;v,~9), gi'(to;/i,5) = 



QUi\hrg)< / C"\ 

J to 



'lA/rN 



M^{i-hrg)<Ce, Vie [to, 0], 



where C depend on a, 5, 6' , a. Finally, Q^ (0; /i, g) gives the norm bound of h\ 



s+nn4- 



D 
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7. Nonlinear M0ller Wave Operator 

For n > 4, suppose {h°,h}) € V^'^ with N > n + &,5 £ {Q,\) and e > small such that Theorem 
[3] holds. Then the global solution h to reduced Einstein equation (1.3) obtained in Theorem [s] 
provides a true solution to Einstein equation ( |1.1[ ) since h satisfies the harmonic gauge condition 
(|1.4[) globally by Theorem IT] This imposes constraint conditions on the radiation field. 



c^r(^/ipls+) - 5^p9^(trm7l|s+) = 0, ^ = 0,1,..., n. 
This is equivalent to 
(7.1) (/i^p|_g+) - i6'^(tr„/i|_5+) =0, /i = 0, l,...,n. 

when h\g+ has some decay as |t| — > 0. To refine the image space for the radiation field, first let us 
consider the Cauchy data with only conormal singularity at SSq. 

Lemma 7.1. // {h^, h) £ V^-^ D Ji/'^+^iT.o), then h £ s^'^+^-'^^''{X), where a > is given 
in Theorem\^ 

Proof. For all N' > N, we estimate M/^ {i;h,g) in the same way as we do for Mf {i;h,g). The 
only difference is that in this case, we can replace the cubic term {M['{i;h,g))^ in the estimates 
of divergence term by C'Ml^{i,h){Mf (t, /i))^ as a result of interpolation. Hence the nonlinear 
estimating reduces to linear estimating: 

d^Mf{Ti;h,~g) < C'M^'{Ti;h,g), 

d,Mf{Tl;h,~g) < {C^-S)\Tl\-^ + C'\n\'-''-')Mf{n;h,g), * = 2,3,4 
for some C" > 0. For some Ci, C2, C3, C4 > 0, we have 
Mf {T^;h,~g) < C^M^' {0;hrg), 
Mf in-hrg) <C,\n\'-Hl^' {Q;h,~9), *-2,3,4. 
Then by the same proof as the proof of Corollary [2] [3) |4) we have 



\\h^+\\ „ „-i <CMf{{);h,~g) 

for some C only depending on N' . Since N' is arbitrary large, h only have conormal singularity at 
dX. By Lemma [iiil we have h e y^'^'O''^"^. Hence h = p^h e s!/^+^'^^'='{X). D 



Lemma 7.2. If {ho, hi) eV^^^D^/'^+^i^o), then h e £/'-^+^''^''^+^{X). 
Proof. Applying the linear wave operator Dm to the solution h gives 

Dmh^, = Ogh^, + (n,„ - ag)h^, = F^,{dh,dh) - H^fd^dph^, e j^'-+l+2S,n-l,2+2a ^^y 



Hence h e i7/^+*'^'2'5(X) if 2ct < ^ + 5. See [MW] for details. Repeating k times until 
2^a>'^+S and finally we have h £ j^'^+^''^''^+^X) D 



Fix Cauchy data {h°,h^) G V^^''' n s!/^+^{T,o) and let h be the solution obtained in Theorem 
[3j Consider the Cauchy problem for linear wave equation with background metric g — m + h: 

(7.2) agk^,^F^Ah){dk,dh), {kt=o,dtk\t=o)^{k'',k^). 

Then k globally exists and the radiation field is well defined. Moreover, k = h is a solution if 
(A:°, k^) — (ft.", h^). Denote by A; = p^srk and define the following map 

97^^ : p^oC°^ X pI+^C°- 3 (fc",fci) -^ ~k\s, e ipoP2)^-'-^C°-iSt)- 

for AeC,3fiAe (^,§). 

Lemma 7.3. For ^X G (^^, ^^^), ^T^J^ o-nd "^TZjr have the same boundary operator. 
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Proof. With {k'^, k^) G PqC^ x /9q~'"^C°°, by similar energy estimates in the p roof of Lemma 
first have k e s^^'^!~''^ . Tlien applying D™ as in the proof of Lemma 7.2 we get k e si/^'^^ 
Consider the equation 

n,„fc;, = o, {K^^,dtk'\t^^)^{k\k^). 

Then 



we 



n„(A: - k') ^ -H'^'^d^.d^k + F{h){dk, dh) e A' 



F<5+r+2,n-l,^+(S+A+2 



Hence k' - k € j[^+s+x,^,^+s+\ _^ j^^^+5+x+2,^,n-2_ gj^^^g SRA < n - 2, this term con- 
tributes zero to the boundary operator. See |MWj for details. D 



By Lemma 7.3 and a similar proof for the mapping property of ™TZjr in |MW| . we show the 
following lemma. 

Lemma 7.4. The linear M0ller wave operator ^TZjr defines a continuous map for (5 G (0, |) 

Here W^TljrW < C for some constant C > independent of{h°,h^) G V^'^ (Issf'^+^T.o). Moreover, 
"^TZjr is an isomorphism. 

Denote by W^'^ be the collection of elements in 



with norm less than e and satisfying the harmonic gauge condition (7.1). Since S > 0, W^'^ is a 
small neighborhood of in the Sobolev space W^'*^. 

Theorem 4. With the assumption in Theorem[B and choosing e > even smaller if necessary, the 
nonlinear M0ller wave operator defines a continuous map and open map 

for some C > 0. 

Proof. First, ^^ is well defined and continuous. This is obvious for (ft,°, h^) G V^^''' n ^^2-+*(1]q) 
since 

^^(/i°, h^) = ^njr{h°, h^) < Ce. 

where C is given in Lemma 7.4 By density argument, it holds for all {h^,h^) G V^'''. Secondly, 



the linearization of M^ at (0,0) is ™7?.jr| „ a^i+s^ where T ' ^ +° is the tangent space of V, 



Consider the wave equation 

And let 

™r,,(/i) = m-^f'd^h^p - a^(tr„/i), /x = 0, 1, ...,n. 
Then the solution space of the linearization of harmonic gauge conditions (3.8) and (3.11 ) is 

jN,^+s ^ {(^h\h^) G Po^+'<+i(So) X p^^'h^+\Y.^) : "T^(/i)|,=o, drv ,.{h)\t = 0} 
Since Ulm^T ^{h) — ™rp(n„/i), we have the restriction map 

is still an isomorphism. By implicit function theorem, 3£^ : V^^''^ — > ^ct ^^ open if e is small 
enough. D 

Proof of Theorem [2] It follows from Theorem [3] and Theorem |4] directly. 
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8. Appendix 

In this section, we prove some mapping property oi P — | A 1 2 on R" for n > 3 by the same method 
we used in |MW| . where we show the mapping properties of Radon transform and Radiation field 
map. 

Define for u £ C^{W) 

(8.1) Pu{x) = -1- / / e^^--yy^\^\u{y)dyd^. 

Then a similar proof as for the inverse Radon transform in [He] shows that: 

'■'"^^. Md^TZu^ ^.^/.„_l 7W7^(At^^) n=even 



P7i= 2(Hri--. — -2(2.) 
l2(y^>'^5^7^«=2(2.) 

where A — —T,2^^df, TZ is the Radon transform 



^=^MHd^nu= ^,^:;;', MHdsTZ{A'^u) n=odd 



(7^u)(s,w) = / u{x)dH 

J X-UJ — S 

with dH the induced Lebesgue measure on hyperplane x ■ lj = s and Ai^Ji are defined as follows: 
for i;G C;?°(MxS"-i), 

{A4v){x) = / v{x ■ uj,uj)duj, 
{nv){s,uj)=- lim / {s-s')-'^v{s',uj)ds'. 

TT (c,JV)^(0,oo) Jj<|s_5/|<Ar 



Proposition 8.1. For n > 3 and A G (0, n — 1), P extends to an isomorphism: 



P:po'i^f(K")^Po+'<"'(S 



satisfying P" — A. 

Proof. By the mapping property of A, we only need to show the above map is continuous. For 
5RA e (0, n — 1), by a similar proof as in |MWj . P extends to a continuous map 

/C°°(l") -^ p^+iC°°(l") + p"+ic°°(k") 

which restricts to the boundary to define 

5(t)/ = p-^-^Pp^f\p=o ■■ C°°(§"-i) -^ C°°(§"-i) 

where /eC°°(l"), f\p=o = f- 

Here i?(T) is a meromorphic family of semicalssical pseudodiiferential operator with simple poles at 

(n + No) U (-N) . Moreover, let A{t) : C°°(§"-i) — > C°°(§"-i) defined by the Schwartz kernel 
(61 -w);"". Then 

^ iCn{T)A{n-l-T)A{T) 71 = even 

\^C„(T)[-C+(T + l)A(n-l-r)+C_(r + l)eyl(n-l-r)]A(T) n = odd 

where O is the antipodal map and 

Cn{r) = ^:-^^\{{T-^), C±(r + 1)= / {iTtyH-^-'dt. 
^ ' 1=0 -^0 

Hence x(5(t))(61, g') = Bo{e,e') + Bsc{0,0') + B±{e,±9') where 

with 77 = jj^ the semiclassical parameter as Imr — > 0. From standard estimates on the boundedness 
of semiclassical families, 

B{t) : iJ^(S"~i) n (1 + \lmT\)-^H^-\S"-^) -^ H^-\E''-^) 

is continuous. By Mellin transform and taking a — Rer, wc finish the proof. D 
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